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ðàçäåëîâ òåîðèè ôîðìàëüíûõ ÿçûêîâ è àâòîìàòîâ ñ èñïîëü-
çîâàíèåì ïîëóêîëåö, ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ, ìàòðèö
è òåîðèè íåïîäâèæíûõ òî÷åê.

Ðàññìîòðåíû îñíîâíûå ðåçóëüòàòû òåîðèè êîíå÷íûõ
àâòîìàòîâ íàä êâåìèêîëüöàìè, îáîáùàþùèõ êëàññè÷åñêèå
êîíå÷íûå àâòîìàòû, ïðèíèìàþùèå êîíå÷íûå è áåñêîíå÷íûå
ñëîâà, áàçèðóþùèõñÿ íà ïàðàõ ïîëóêîëüöî-ïîëóìîäóëü, â îñ-
íîâíîì íà ïàðàõ ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ � ïàðàõ, ñî-
ñòîÿùèõ èç ïîëóêîëüöà Êîíâåÿ è ïîëóìîäóëÿ, óäîâëåòâîðÿ-
þùåãî òîæäåñòâàì ¾îìåãà-ñóììà¿ è ¾îìåãà-ïðîèçâåäåíèå¿.
Îíè îïðåäåëåíû è ñôîðìóëèðëâàíû íåêîòîðûå èõ âàæíûå
ñâîéñòâà. Ââåäåíû êîíå÷íûå àâòîìàòû íàä êâåìèêîëüöàìè
è äîêàçàíà òåîðåìà Êëèíè. Ââåäåíû ëèíåéíûå ñèñòåìû íàä
êâåìèêîëüöàìè êàê îáîáùåíèå ðåãóëÿðíûõ ãðàììàòèê ñ êî-
íå÷íûìè è áåñêîíå÷íûìè âûâîäàìè è ñâÿçàíû íåêîòîðûå ðå-
øåíèÿ ýòèõ ëèíåéíûõ ñèñòåì ñ ïîâåäåíèåì êîíå÷íûõ àâòî-
ìàòîâ íàä êâåìèêîëüöàìè.

This is the �fth paper of a series of papers that will give a
survey on several topics on formal languages and automata by
using semirings, formal power series, matrices and �xed point
theory. The �fth paper of this series deals with the basic results
in the theory of �nite automata over quemirings generalizing
the classical �nite automata accepting �nite and in�nite words.
The presentation of these results is based on semiring-semimodule
pairs, especially on Conway semiring-semimodule pairs.

A Conway semiring-semimodule pair is a pair consisting of a
Conway semiring and a semimodule that satis�es the sum-omega
equation and the product-omega equation. We de�ne these Conway
semiring-semimodule pairs and state some of their important
properties. Then we introduce �nite automata over quemirings
and prove a Kleene Theorem. Furthermore, we introduce linear
systems over quemirings as a generalization of regular grammars
with �nite and in�nite derivations, and connect certain solutions
of these linear systems with the behavior of �nite automata over
quemirings.
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1. Ââåäåíèå

Ýòî ïÿòàÿ ñòàòüÿ â ñåðèè, äàþùåé îáçîð íåêîòîðûõ ðàçäåëîâ òåîðèè
ôîðìàëüíûõ ÿçûêîâ è àâòîìàòîâ è èçëàãàþùèõ îáîáùåíèå íåêîòîðûõ
êëàññè÷åñêèõ ðåçóëüòàòîâ î ôîðìàëüíûõ ÿçûêàõ, ôîðìàëüíûõ ÿçûêàõ
íàä äåðåâüÿìè, ôîðìàëüíûõ ÿçûêàõ ñ êîíå÷íûìè è áåñêîíå÷íûìè ñëî-
âàìè, àâòîìàòàõ, àâòîìàòàõ íàä äåðåâüÿìè è ò. ä. Ìû ïðåäïîëàãàåì,
÷òî ÷èòàòåëü çíàêîì ñ ïðåäûäóùèìè ÷àñòÿìè [1�4] ñåðèè.

Â äàííîé ñòàòüå ìû ðàññìàòðèâàåì ïàðû ïîëóêîëüöî-ïîëóìîäóëü
è êîíå÷íûå àâòîìàòû íàä êâåìèêîëüöàìè. Çäåñü ïàðû ïîëóêîëüöî-
ïîëóìîäóëü îáðàçóþò îáîáùåíèå ôîðìàëüíûõ ÿçûêîâ ñ êîíå÷íûìè è
áåñêîíå÷íûìè ñëîâàìè. Ïîëóêîëüöî ÿâëÿåòñÿ ìîäåëüþ ôîðìàëüíîãî
ÿçûêà ñ êîíå÷íûìè ñëîâàìè, òîãäà êàê ïîëóìîäóëü � ìîäåëü ôîðìàëü-
íîãî ÿçûêà ñ áåñêîíå÷íûìè ñëîâàìè. Ãëàâíûé ðåçóëüòàò ýòîé ñòàòüè �
îáîáùåíèå òåîðåìû Êëèíè [6] äëÿ ïàð ïîëóêîëüöî-ïîëóìîäóëü.

Íàñòîÿùàÿ ñòàòüÿ ñîñòîèò èç ïÿòè ãëàâ. Â ãëàâå 2 ìû ââåäåì èñ-
ïîëüçóåìûå àëãåáðàè÷åñêèå ñòðóêòóðû: ïàðû ïîëóêîëüöî-ïîëóìîäóëü
è êâåìèêîëüöà.

Â ãëàâå 3 ìû ðàññìîòðèì ïàðû ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ è
äîêàæåì, ÷òî âûïîëíÿåòñÿ òîæäåñòâî ¾îìåãà-ìàòðèöà¿. Äàëåå äëÿ ïà-
ðû ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ ìû ðàññìîòðèì n× n-ìàòðèöû íàä
ïîëóêîëüöîì è n× 1-âåêòîð-ñòîëáöû íàä ïîëóìîäóëåì. Çàòåì ìû äîêà-
æåì, ÷òî ïàðû, ñîñòîÿùèå èç ìàòðèö è âåêòîð-ñòîëáöîâ, îïÿòü îáðàçóþò
ïàðó ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.

Â ãëàâå 4 ìû îïðåäåëèì êîíå÷íûå àâòîìàòû íàä êâåìèêîëüöàìè.
Äëÿ ïàðû ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ ìû äîêàæåì òåîðåìó Êëèíè
äëÿ A′-êîíå÷íîãî àâòîìàòà, ãäå A′ � ïîäìíîæåñòâî ïîëóêîëüöà Êîíâåÿ:
ìíîæåñòâî âñåõ ïîâåäåíèé A′-êîíå÷íîãî àâòîìàòà ñîâïàäàåò ñ îáîáùåí-
íûì êâåìèêîëüöîì ñî çâåçäîé, ïîðîæäåííûì A′. ×àñòíûé ñëó÷àé ýòîé
òåîðåìû Êëèíè � ðåçóëüòàò Buechi [6].

Â ãëàâå 5 ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû íàä êâåìèêîëüöàìè
êàê îáîáùåíèå ðåãóëÿðíûõ ãðàììàòèê ñ êîíå÷íûìè è áåñêîíå÷íûìè
âûâîäàìè è ïîêàæåì ñâÿçü ìåæäó íåêîòîðûìè ðåøåíèÿìè ýòèõ ëèíåé-
íûõ ñèñòåì, âåñàìè êîíå÷íûõ è áåñêîíå÷íûõ âûâîäîâ îòíîñèòåëüíî ýòîé
ãðàììàòèêè è ïîâåäåíèåì êîíå÷íûõ àâòîìàòîâ íàä êâåìèêîëüöàìè.

Èçëîæåíèå ñîîòâåòñòâóåò ðàáîòå Esik, Kuich [11].

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ìû ïðåäïîëàãàåì, ÷òî ÷èòàòåëü ýòîé ñòàòüè çíàêîì ñ îïðåäåëåíèÿ-

ìè è ðåçóëüòàòàìè ÷àñòè I [1] ñåðèè ñòàòåé, ïîýòîìó íå áóäåì èõ çäåñü
ïîâòîðÿòü. Òàêæå äàëåå èñïîëüçóþòñÿ îáîçíà÷åíèÿ ÷àñòè I [1].



Ïðåäïîëîæèì, ÷òî A � ïîëóêîëüöî è V � êîììóòàòèâíûé ìîíî-
èä, çàïèñàííûé àääèòèâíî. Íàçîâåì V (ëåâûì) A-ïîëóìîäóëåì, åñëè V
îñíàùåí (ëåâîñòîðîííåé) îïåðàöèåé

A× V → V,

(s, v) 7→ sv,

óäîâëåòâîðÿþùåé ñëåäóþùèì ïðàâèëàì:

s(s′v) = (ss′)v,

(s + s′)v = sv + s′v,

s(v + v′) = sv + sv′,
1v = v,

0v = 0,

s0 = 0

äëÿ âñåõ s, s′ ∈ A è v, v′ ∈ V . Åñëè V ÿâëÿåòñÿ A-ïîëóìîäóëåì, áóäåì
íàçûâàòü (A, V ) ïàðîé ïîëóêîëüöî-ïîëóìîäóëü.

Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü òàêàÿ, ÷òî A � ïîëó-
êîëüöî ñî çâåçäîé, à A è V îñíàùåíû îìåãà-îïåðàöèåé ω : A → V .
Òîãäà íàçîâåì (A, V ) ïàðîé ïîëóêîëüöî ñî çâåçäîé-îìåãà-ïîëóìîäóëü.
Ñîãëàñíî Bloom, Esik [5], áóäåì íàçûâàòü ïàðó ïîëóêîëüöî ñî çâåçäîé-
îìåãà-ïîëóìîäóëü (A, V ) ïàðîé ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ, åñëè A
� ïîëóêîëüöî Êîíâåÿ è åñëè îìåãà-îïåðàöèÿ óäîâëåòâîðÿåòòîæäåñòâó
¾îìåãà-ñóììà¿ è òîæäåñòâó ¾îìåãà-ïðîèçâåäåíèå¿:

(a + b)ω = (a∗b)ω + (a∗b)∗aω,

(ab)ω = a(ba)ω

äëÿ âñåõ a, b ∈ A. Äàëåå ñëåäóåò, ÷òî âûïîëíÿåòñÿ òîæäåñòâî ¾îìåãà
íåïîäâèæíîé òî÷êè¿, ò. å.

aaω = aω

äëÿ âñåõ a ∈ A.
Esik, Kuich [10] îïðåäåëÿþò ïîëíóþ ïàðó ïîëóêîëüöî-ïîëóìîäóëü êàê

òàêóþ ïàðó ïîëóêîëüöî-ïîëóìîäóëü (A, V ), ÷òî A � ïîëíîå ïîëóêîëüöî
è V � ïîëíûé ìîíîèä òàêèå, ÷òî

s(
∑

i∈I

vi) =
∑

i∈I

svi,

(
∑

i∈I

si)v =
∑

i∈I

siv

äëÿ âñåõ s ∈ A, v ∈ V è äëÿ âñåõ ñåìåéñòâ si, i ∈ I íàä A è vi, i ∈ I íàä
V . Êðîìå òîãî, òðåáóåòñÿ, ÷òîáû îïåðàöèÿ áåñêîíå÷íîãî ïðîèçâåäåíèÿ

(s1, s2, . . .) 7→
∏

j>1

sj



ÿâëÿëàñü îòîáðàæåíèåì áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé íàä A â V ,
óäîâëåòâîðÿþùèõ ñëåäóþùèì òðåì óñëîâèÿì:

∏

i>1

si =
∏

i>1

(sni−1+1 · . . . · sni),

s1 ·
∏

i>1

si+1 =
∏

i>1

si,

∏

j>1

∑

ij∈Ij

sij =
∑

(i1,i2,...)∈I1×I2×...

∏

j>1

sij ,

ãäå â ïåðâîì ðàâåíñòâå 0 = n0 6 n1 6 n2 6 . . . è I1, I2, . . . � ïðîèç-
âîëüíûå ìíîæåñòâà èíäåêñîâ. Ïðåäïîëîæèì, ÷òî ïàðà (A, V ) � ïîëíàÿ.
Òîãäà îïðåäåëèì

s∗ =
∑

i>0

si,

sω =
∏

i>1

s

äëÿ âñåõ s ∈ A. Ýòî ïðåâðàùàåò (A, V ) â ïàðó ïîëóêîëüöî ñî çâåçäîé-
îìåãà-ïîëóìîäóëü. Ñîãëàñíî Esik, Kuich [10], êàæäàÿ ïàðà ïîëóêîëüöî-
ïîëóìîäóëü ÿâëÿåòñÿ ïàðîé ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ. Çàìåòèì,
÷òî åñëè (A, V ) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü, òî 0ω = 0.

Ïàðà ïîëóêîëüöî-ïîëóìîäóëü (A, V ) íàçûâàåòñÿ íåïðåðûâíîé, åñëè
(A, V ) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü è A � íåïðåðûâíîå ïîëó-
êîëüöî. Êâåìèêîëüöî íàçûâàåòñÿ íåïðåðûâíûì, åñëè îíî îïðåäåëÿåòñÿ
íåïðåðûâíîé ïàðîé ïîëóêîëüöî-ïîëóìîäóëü.

Çâåçäà-îìåãà-ïîëóêîëüöî � ýòî ïîëóêîëüöî A, îñíàùåííîå óíàðíû-
ìè îïåðàöèÿìè ∗ è ω : A → A. Çâåçäà-îìåãà-ïîëóêîëüöî A íàçûâàåòñÿ
ïîëíûì, åñëè (A,A) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü, ò. å. åñ-
ëè A ïîëíîå è íàäåëåíî îïåðàöèåé áåñêîíå÷íîãî ïðîèçâåäåíèÿ, êîòî-
ðàÿ óäîâëåòâîðÿåò òðåì óñëîâèÿì, ïðèâåäåííûì âûøå. Ïîëíîå çâåçäà-
îìåãà-ïîëóêîëüöî A íàçûâàåòñÿ êîììóòàòèâíûì, åñëè ïîëóêîëüöî
A êîììóòàòèâíî è äëÿ âñåõ áèåêöèé π : N → N, sj ∈ A, j > 0,∏

j>0 sπ(j) =
∏

j>0 sj . Íàêîíåö, ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî A íà-
çûâàåòñÿ íåïðåðûâíûì, åñëè ïîëóêîëüöî A íåïðåðûâíî.

Ïðèìåð 2.1. Ïðåäïîëîæèì, ÷òî Σ � àëôàâèò. Ïóñòü Σ∗ îáîçíà÷à-
åò ìíîæåñòâî âñåõ êîíå÷íûõ ñëîâ íàä Σ, âêëþ÷àÿ ïóñòîå ñëîâî ε, è
ïóñòü Σω îáîçíà÷àåò ìíîæåñòâî âñåõ ω-ñëîâ íàä Σ. Ìíîæåñòâî 2Σ∗ âñåõ
ïîäìíîæåñòâ ìíîæåñòâà Σ∗, íàäåëåííîå îïåðàöèÿìè îáúåäèíåíèÿ ìíî-
æåñòâ â êà÷åñòâå ñóììû è êîíêàòåíàöèè â êà÷åñòâå ïðîèçâåäåíèÿ ÿâ-
ëÿåòñÿ ïîëóêîëüöîì, ãäå 0 � ïóñòîå ìíîæåñòâî ∅ è 1 � ìíîæåñòâî {ε}.
Êðîìå òîãî, íàäåëåííîå îáû÷íîé îïåðàöèåé ¾çâåçäà¿ 2Σ∗ ÿâëÿåòñÿ ïî-
ëóêîëüöîì Êîíâåÿ. Ê òîìó æå 2Σ∞ , íàäåëåííîå îïåðàöèåé îáúåäèíåíèÿ
â êà÷åñòâå ñóììû è ïóñòûì ìíîæåñòâîì â êà÷åñòâå 0, ÿâëÿåòñÿ êîììó-
òàòèâíûì èäåìïîòåíòíûì ìîíîèäîì. Îïðåäåëèì äåéñòâèå 2Σ∗ íà 2Σ∞



ïîñðåäñòâîì KL = {uv | u ∈ K, v ∈ L} äëÿ âñåõ K ⊆ Σ∗ è L ⊆ Σω.
Êðîìå òîãî, äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè (K0, K1, . . .) íàä 2Σ∗ ïóñòü∏

j>0 Kj = {u0u1 . . . ∈ Σω | ui ∈ Ki, i > 0}. Òîãäà (2Σ∗ , 2Σ∞) ÿâëÿåòñÿ
ïîëíîé è íåïðåðûâíîé ïàðîé ïîëóêîëüöî-ïîëóìîäóëü ñ èäåìïîòåíòíûì
ìîäóëåì 2Σ∞ . Çàìåòèì, ÷òî â ýòîì ïðèìåðå 1ω = 0, ãäå 1 = {ε} è 0 = ∅.

Ïðèìåð 2.2. Ðàññìîòðèì ïîëóêîëüöî N∞ = N ∪ {∞}, ïîëó÷åííîå
ïðèñîåäèíåíèåì ýëåìåíòà ∞ ê ïîëóêîëüöó íàòóðàëüíûõ ÷èñåë. Çàìå-
òèì, ÷òî N∞ ÿâëÿåòñÿ ïîëíûì ïîëóêîëüöîì, ãäå áåñêîíå÷íàÿ ñóììà
ðàâíà ∞ òîãäà è òîëüêî òîãäà, êîãäà ëèáî ñëàãàìîå ðàâíî ∞, ëèáî êî-
ëè÷åñòâî íåíóëåâûõ ñëàãàåìûõ áåñêîíå÷íî. Êðîìå òîãî, ∞ â ïðîèçâå-
äåíèè ñ ëþáîé ñòîðîíû ñ íåíóëåâûì ýëåìåíòîì äàåò ∞. Îïðåäåëèì
áåñêîíå÷íîå ïðîèçâåäåíèå

(n1, n2, . . .) 7→
∏

j≥1

nj

íà N∞ ñëåäóþùèì îáðàçîì. Åñëè íåêîòîðîå nj ðàâíî 0, òî åìó ðàâíî
è ïðîèçâåäåíèå. Èíà÷å, åñëè âñå, êðîìå ëèøü êîíå÷íîãî ÷èñëà ìíîæè-
òåëåé nj , ðàâíû 1, òî áåñêîíå÷íîå ïðîèçâåäåíèå åñòü ïðîèçâåäåíèå òåõ
nj , äëÿ êîòîðûõ nj > 1. Âî âñåõ îñòàëüíûõ ñëó÷àÿõ áåñêîíå÷íîå ïðîèç-
âåäåíèå ðàâíî ∞. Òîãäà N∞ åñòü ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî, ãäå
∗ è ω îïðåäåëåíû, êàê ðàíåå.

Ïóñòü Σ � àëôàâèò. Ïîëóêîëüöî A = N∞〈〈Σ∗〉〉 âñåõ ñòåïåííûõ ðÿ-
äîâ Σ∗ ñ êîýôôèöèåíòàìè â N∞ åñòü ïîëíîå è íåïðåðûâíîå ïîëóêîëüöî.
Ïóñòü òåïåðü V = N∞〈〈Σω〉〉 � ñîâîêóïíîñòü âñåõ ôîðìàëüíûõ ñòåïåí-
íûõ ðÿäîâ íàä Σω ñ êîýôôèöèåíòàìè â N∞. Òàêèì îáðàçîì, ýëåìåíòû
èç V ÿâëÿþòñÿ ôîðìàëüíûìè ñóììàìè âèäà

s =
∑

w∈Σω

(s, w)w,

ãäå êàæäûé êîýôôèöèåíò (s, w) ïðèíàäëåæèò N∞. Òåïåðü V ìîæåò
áûòü ïðåâðàùåí â A-ïîëóìîäóëü ñ ïîìîùüþ îïåðàöèè ïîýëåìåíòíîãî
ñëîæåíèÿ è äåéñòâèÿ (r, s) 7→ rs, îïðåäåëåííîãî ïîñðåäñòâîì

(rs, w) =
∑

u∈Σ∗,v∈Σω , uv=w

(r, u)(s, v),

ãäå áåñêîíå÷íàÿ ñóììà â ïðàâîé ÷àñòè ñóùåñòâóåò, òàê êàê N∞ ïîëíî.
Òàêæå ìû ìîæåì îïðåäåëèòü áåñêîíå÷íîå ïðèçâåäåíèå, îáðàçóÿ èç ïî-
ñëåäîâàòåëüíîñòåé íàä A ðÿäû â V . Ïóñòü äàíû s1, s2, . . . â A, îïðåäåëèì∏

j≥1 sj êàê ðÿä r â V , ïðè÷åì

(r, w) =
∑

w=w1w2...∈Σω

∏

j≥1

(sj , wj).

Òîãäà (A, V ) åñòü ïîëíàÿ è íåïðåðûâíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü
è, òàêèì îáðàçîì, ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.



Ýòà ïîñòðîåíèå äîïóñêàåò øèðîêîå îáîáùåíèå. Ïóñòü A � ïîëíîå
çâåçäà-îìåãà-ïîëóêîëüöî. Åñëè Σ � ìíîæåñòâî, ðàññìîòðèì ïîëíîå ïî-
ëóêîëüöî A〈〈Σ∗〉〉 è ïîëíûé ìîíîèä A〈〈Σω〉〉 âñåõ ðÿäîâ íàä Σω ñ êîýô-
ôèöèåíòàìè â A, íàäåëåííûé îïåðàöèåé ïîýëåìåíòíîãî ñëîæåíèÿ. Åñëè
ìû îïðåäåëèì äåéñòâèå sr ýëåìåíòà s ∈ A〈〈Σ∗〉〉 íà r ∈ A〈〈Σω〉〉 êàê

(sr, w) =
∑

w=uv

(s, u)(r, v),

òî (A〈〈Σ∗〉〉, A〈〈Σω〉〉) îáðàùàåòñÿ â ïàðó ïîëóêîëüöî-ïîëóìîäóëü. Òåïåðü
A〈〈Σ∗〉〉 � ïîëóêîëüöî, è åñëè ìû îïðåäåëèì îïåðàöèþ áåñêîíå÷íîãî
ïðîèçâåäåíèÿ

(s1, s2, . . .) 7→
∏

j>1

sj ∈ A〈〈Σω〉〉

÷åðåç

(
∏

j>1

sj , w) =
∑

w=w1w2...∈Σω

∏

j>1

(sj , wj),

òî (A〈〈Σ∗〉〉, A〈〈Σω〉〉) îáðàùàåòñÿ â ïîëíóþ ïàðó ïîëóêîëüöî-ïîëóìî-
äóëü, à ñëåäîâàòåëüíî, â ïàðó ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ, óäîâëå-
òâîðÿþùóþ (aε)ω = 0 äëÿ âñåõ a ∈ A. Åñëè A � íåïðåðûâíîå ïîëóêîëü-
öî, òî (A〈〈Σ∗〉〉, A〈〈Σω〉〉) � íåïðåðûâíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü
(ñì. òåîðåìó 5.5).

Ðàññìîòðèì ïàðó ïîëóêîëüöî ñî çâåçäîé-îìåãà-ïîëóìîäóëü (A, V ).
Ñîãëàñíî Bloom, Esik [5], îïðåäåëèì ìàòðè÷íóþ îïåðàöèþ ω : An×n →
V n×1 íà (A, V ) ñëåäóþùèì îáðàçîì. Åñëè n = 0, òî Mω � åäèíñòâåííûé
ýëåìåíò V 0, à åñëè n = 1, òàê ÷òî M = (a) äëÿ íåêîòîðîãî a ∈ A, òî
Mω = (aω). Äîïóñòèì òåïåðü, ÷òî n > 1, è çàïèøåì M â âèäå

M =
(

a b
c d

)
. (1)

Òîãäà

Mω =
(

(a + bd∗c)ω + (a + bd∗c)∗bdω

(d + ca∗b)ω + (d + ca∗b)∗caω

)
. (2)

Âñëåä çà Esik, Kuich [11] îïðåäåëèì ìàòðè÷íûå îïåðàöèè ωk :
An×n → V n×1, 0 6 k 6 n, ñëåäóþùèì îáðàçîì. Äîïóñòèì, ÷òî
M ∈ An×n ðàçáèâàåòñÿ íà áëîêè a, b, c, d, êàê â (1), íî çäåñü a èìååò
ðàçìåðíîñòü k × k, à d � ðàçìåðíîñòü (n− k)× (n− k). Òîãäà

Mωk =
(

(a + bd∗c)ω

d∗c(a + bd∗c)ω

)
. (3)

Çàìåòèì, ÷òî Mω0 = 0 è Mωn = Mω.



Ïðåäïîëîæèì, ÷òî (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü, è ðàñ-
ñìîòðèì T = A× V . Îïðåäåëèì íà T îïåðàöèè

(s, u) · (s′, v) = (ss′, u + sv),
(s, u) + (s′, v) = (s + s′, u + v)

è êîíñòàíòû 0 = (0, 0) è 1 = (1, 0). Íàäåëåííîå ýòèìè îïåðàöèÿìè è
êîíñòàíòàìè, T óäîâëåòâîðÿåò òîæäåñòâàì

(x + y) + z = x + (y + z), (4)
x + y = y + x, (5)
x + 0 = x, (6)

(x · y) · z = x · (y · z), (7)
x · 1 = x, (8)
1 · x = x, (9)

(x + y) · z = (x · z) + (y · z), (10)
0 · x = 0. (11)

Elgot [8] îïðåäåëÿë òàêæå óíàðíóþ îïåðàöèþ ¶ íà T : (s, u)¶ = (s, 0).
Òàêèì îáðàçîì, ¶ âûáèðàåò ¾ïåðâóþ êîìïîíåíòó¿ ïàðû (s, u), òîãäà êàê
óìíîæåíèå íà 0 ñïðàâà âûáèðàåò ¾âòîðóþ êîìïîíåíòó¿, òàê êàê (s, u) ·
0 = (0, u) äëÿ âñåõ u ∈ V . Íîâàÿ îïåðàöèÿ óäîâëåòâîðÿåò ñëåäóþùèì
ñâîéñòâàì:

x¶ · (y + z) = (x¶ · y) + (x¶ · z), (12)
x = x¶+ (x · 0), (13)

x¶ · 0 = 0, (14)
(x + y)¶ = x¶+ y¶, (15)
(x · y)¶ = x¶ · y¶. (16)

Çàìåòèì, ÷òî åñëè V � èäåìïîòåíò, òî âûïîëíÿåòñÿ òàêæå

x · (y + z) = x · y + x · z.

Elgot [8] îïðåäåëèë êâåìèêîëüöî êàê àëãåáðàè÷åñêóþ ñòðóêòóðó T ,
íàäåëåííóþ óêàçàííûìè âûøå îïåðàöèÿìè ·,+,¶ è êîíñòàíòàìè 0, 1,
óäîâëåòâîðÿþùèìè òîæäåñòâàì (4)�(11) è (12)�(16). Ìîðôèçì êâåìè-
êîëüöà åñòü ôóíêöèÿ, ñîõðàíÿþùàÿ îïåðàöèè è êîíñòàíòû. Èç àêñèîì
ñëåäóåò, ÷òî x¶¶ = x¶ äëÿ âñåõ x â êâåìèêîëüöå T . Êðîìå òîãî, x¶ = x,
åñëè x · 0 = 0.

Åñëè T � êâåìèêîëüöî, òî A = T¶ = {x¶ | x ∈ T}, ÷òî ëåãêî âèäåòü,
ÿâëÿåòñÿ ïîëóêîëüöîì. Êðîìå òîãî, V = T0 = {x · 0 | x ∈ T} ñîäåðæèò
0 è çàìêíóòî îòíîñèòåëüíî + è, ê òîìó æå, sx ∈ V äëÿ âñåõ s ∈ A
è x ∈ V . Êàæäûé x ∈ T ìîæåò áûòü åäèíñòâåííûì ñïîñîáîì çàïèñàí
â âèäå ñóììû ýëåìåíòà èç T¶ è ýëåìåíòà èç T0 êàê x = x¶ + x · 0.
Èíîãäà ìû áóäåì îòîæäåñòâëÿòü A × {0} ñ A è {0} × V ñ V . Elgot [8]



ïîêàçàë, ÷òî T èçîìîðôíî êâåìèêîëüöó A × V , îïðåäåëåííîìó ïàðîé
ïîëóêîëüöî-ïîëóìîäóëü (A, V ).

Ïðåäïîëîæèì òåïåðü, ÷òî (A, V ) � ïàðà ïîëóêîëüöî ñî çâåçäîé �
îìåãà-ïîëóìîäóëü. Îïðåäåëèì òîãäà íà T = A×V îïåðàöèþ îáîáùåííàÿ
çâåçäà

(s, v)⊗ = (s∗, sω + s∗v) (17)

äëÿ âñåõ (s, v) ∈ T . Çàìåòèì, ÷òî îïåðàöèè çâåçäà è îìåãà ìîãóò áûòü
ïîëó÷åíû èç îïåðàöèè îáîáùåííàÿ çâåçäà, òàê êàê s∗ � ïåðâàÿ êîìïî-
íåíòà â (s, 0)⊗, à sω � âòîðàÿ. Òàêèì îáðàçîì,

(s∗, 0) = (s, 0)⊗¶,

(0, sω) = (s, 0)⊗ · 0.

Çàìåòèì, ÷òî ïðè (s, 0) ∈ A× {0} èìååì (s, 0)⊗ = (s∗, 0) + (0, sω).
Ïðåäïîëîæèì òåïåðü, ÷òî T � (àáñòðàêòíîå) êâåìèêîëüöî, íàäå-

ëåííîå îïåðàöèåé îáîáùåííàÿ çâåçäà ⊗. Êàê îáúÿñíÿëîñü âûøå, T êàê
êâåìèêîëüöî èçîìîðôíî êâåìèêîëüöó A×V , àññîöèèðîâàííîìó ñ ïàðîé
ïîëóêîëüöî-ïîëóìîäóëü (A, V ), ãäå A = T¶ è V = T0, à èçîìîðôèçì
óñòàíîâëåí îòîáðàæåíèåì x 7→ (x¶, x · 0). ßñíî, ÷òî îïåðàöèÿ îáîáùåí-
íàÿ çâåçäà ⊗ : T → T îïðåäåëåíà îïåðàöèåé çâåçäà ∗ : A → A è îïå-
ðàöèåé îìåãà ω : A → V ïîñðåäñòâîì (17) òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíÿþòñÿ óñëîâèÿ

x⊗¶ = (x¶)⊗¶, (18)
x⊗ · 0 = (x¶)⊗ · 0 + x⊗¶ · x · 0. (19)

Äåéñòâèòåëüíî, ýòè óñëîâèÿ, î÷åâèäíî, ÿâëÿþòñÿ íåîáõîäèìûìè. Îá-
ðàòíî, åñëè âûïîëíåíû (18) è (19), òî äëÿ ëþáîãî x¶ ∈ T¶ ìû ìîæåì
îïðåäåëèòü

(x¶)∗ = (x¶)⊗¶, (20)
(x¶)ω = (x¶)⊗ · 0 . (21)

Îòñþäà ñëåäóåò, ÷òî (17) âûïîëíÿåòñÿ. Îïðåäåëåíèå îïåðàöèé çâåçäà è
îìåãà áûëî ïðèíóäèòåëüíûì.

Áóäåì íàçûâàòü êâåìèêîëüöî, íàäåëåííîå îïåðàöèåé îáîáùåííàÿ
çâåçäà ⊗, îáîáùåííûì êâåìèêîëüöîì ñî çâåçäîé.

3. Ïàðû ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ
Íà ïðîòÿæåíèè ýòîé ãëàâû (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü

Êîíâåÿ è n > 1. Èíäóêöèåé ïî n äîêàæåì, ÷òî (An×n, V n) ñíîâà ÿâëÿ-
åòñÿ ïàðîé ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ. Äàëåå ïîêàæåì, ÷òî òîæ-
äåñòâî ¾îìåãà-ìàòðèöû¿ âûïîëíÿåòñÿ äëÿ ïàð ïîëóêîëüöî-ïîëóìîäóëü
Êîíâåÿ. Ðåçóëüòàòû èçëàãàþòñÿ ñîãëàñíî Bloom, Esik [5]. Äîêàæåì íà-
øè ðåçóëüòàòû ÿâíî, ìåòîäîì, ïîäîáíûì èçëîæåííîìó â ÷àñòè I [1].

Âî-ïåðâûõ, äîêàæåì, ÷òî âûïîëíÿþòñÿ íåêîòîðûå ÷àñòíûå ñëó÷àè
òîæäåñòâà ¾îìåãà-ñóììà¿.



Ëåììà 3.1. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ a, f ∈ A1×1, g ∈ A1×n, h ∈ An×1, d, i ∈ An×n âûïîëíÿåòñÿ
ñëåäóþùåå ðàâåíñòâî:
((

a 0
0 d

)
+

(
f g
h i

))ω

=
((

a 0
0 d

)∗(
f g
h i

))ω

+

+
((

a 0
0 d

)∗(
f g
h i

))∗(
a 0
0 d

)ω

.

Äîêàçàòåëüñòâî. Ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà ðàâíÿþòñÿ
(

αω + α∗g(d + i)ω

δω + δ∗h(a + f)ω

)

è (
α′ω + α′∗a∗g(d∗i)ω + α′∗aω + α′∗a∗g(d∗i)∗dω

δ′ω + δ′∗d∗h(a∗f)ω + δ′∗d∗h(a∗f)∗aω + δ′∗dω

)

ñîîòâåòñòâåííî, ãäå

α = a + f + g(d + i)∗h, δ = d + i + h(a + f)∗g,
α′ = a∗f + a∗g(d∗i)∗d∗h, δ′ = d∗i + d∗h(a∗f)∗a∗g.

Ïîëó÷èì òåïåðü

αω = (a∗f + a∗g(d∗i)∗d∗h)ω + (a∗f + a∗g(d∗i)∗d∗h)∗aω = α′ω + α′∗aω

è

α∗g(d + i)ω = (a∗f + a∗g(d∗i)∗d∗h)∗a∗g((d∗i)ω + (d∗i)∗dω) =
= α′∗a∗g(d∗i)ω + α′∗a∗g(d∗i)∗dω.

Ïîäñòàíîâêà d ↔ a, i ↔ f , h ↔ g ïîêàçûâàåò ñèììåòðèþ äîêàçà-
òåëüñòâà äëÿ âòîðûõ êîìïîíåíò âåêòîðîâ.

Çàìåòèì, ÷òî ðàâåíñòâà â ëåììå 3.2 ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì òîæ-
äåñòâà ¾îìåãà-ñóììà¿, òàê êàê

(
0 b
0 0

)ω

=
(

0 0
c 0

)ω

=
(

0
0

)
(äëÿ

ïàð ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ, 0ω = 0).

Ëåììà 3.2. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ f ∈ A1×1, b, g ∈ A1×n, c, h ∈ An×1, i ∈ An×n âûïîëíÿþòñÿ
ñëåäóþùèå ðàâåíñòâà:

((
0 b
0 0

)
+

(
f g
h i

))ω

=
((

0 b
0 0

)∗(
f g
h i

))ω

,

((
0 0
c 0

)
+

(
f g
h i

))ω

=
((

0 0
c 0

)∗(
f g
h i

))ω

.



Äîêàçàòåëüñòâî. Ëåâàÿ è ïðàâàÿ ÷àñòè 1-ãî ðàâåíñòâà ðàâíû
(

αω + α∗(g + b)iω
δω + δ∗hfω

)
è

(
α′ω + α′∗(g + bi)iω
δ′ω + δ′∗h(f + bh)ω

)

ñîîòâåòñòâåííî, ãäå

α = f + (g + b)i∗h, δ = i + hf∗(g + b),
α′ = f + bh + (g + bi)i∗h, δ′ = i + h(f + bh)∗(g + bi).

Ïîëó÷èì òåïåðü

α′ = f + bh + gi∗h + bii∗h = f + gi∗h + bi∗h = α,
α′∗(g + bi)iω = α∗(giω + biiω) = α∗(giω + biω) = α∗(g + b)iω,

δ′ω + δ′∗h(f + bh)ω =
= (i + h(f∗bh)∗f∗g + h(f∗bh)∗f∗bi)ω + (i + h(f∗bh)∗f∗g +

+h(f∗bh)∗f∗bi)∗h((f∗bh)ω + (f∗bh)∗fω) =
= ((hf∗b)∗hf∗g + (hf∗b)∗i)ω + ((hf∗b)∗hf∗g + (hf∗b)∗i)∗(hf∗b)ω +

+((hf∗b)∗hf∗g + (hf∗b)∗i)∗(hf∗b)∗hfω =
= (hf∗b + hf∗g + i)ω + (hf∗b + hf∗g + i)∗hfω = δω + δ∗hfω.

Ëåâàÿ è ïðàâàÿ ÷àñòè 2-ãî ðàâåíñòâà ðàâíû
(

αω + α∗giω

δω + δ∗(c + h)fω

)
è

(
α′ω + α′∗g(cg + i)ω

δ′ω + δ′∗(cf + h)fω

)

ñîîòâåòñòâåííî, ãäå

α = f + gi∗(c + h), δ = i + (c + h)f∗g,
α′ = f + g(cg + i)∗(cf + h), δ′ = cg + i + (cf + h)f∗g.

Ïîäñòàíîâêà f ↔ i, h ↔ g, b ↔ c, äàþùàÿ α ↔ δ, α′ ↔ δ′, ïîêàçûâàåò
ñèììåòðèþ ïåðâîìó ðàâåíñòâó ëåììû.

Ëåììà 3.3. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ b ∈ A1×n, c ∈ An×1 è M ∈ A(n+1)×(n+1) âûïîëíÿåòñÿ ñëåäóþ-
ùåå ðàâåíñòâî:
((

0 b
c 0

)
+ M

)ω

=
((

0 b
c 0

)∗
M

)ω

+
((

0 b
c 0

)∗
M

)∗(
0 b
c 0

)ω

.

Äîêàçàòåëüñòâî.
((

0 b
c 0

)
+ M

)ω

=
((

0 b
0 0

)
+

(
0 0
c 0

)
+ M

)ω

=

=
((

0 b
0 0

)∗(
0 0
c 0

)
+

(
0 b
0 0

)∗
M

)ω

=



=
((

bc 0
c 0

)
+

(
1 b
0 E

)
M

)ω

=

=
((

bc 0
0 0

)
+

(
0 0
c 0

)
+

(
1 b
0 E

)
M

)ω

=

=
((

(bc)∗ 0
0 E

)(
0 0
c 0

)
+

(
(bc)∗ 0

0 E

)(
1 b
0 E

)
M

)ω

+

+
((

(bc)∗ 0
0 E

)(
0 0
c 0

)
+

(
(bc)∗ 0

0 E

)(
1 b
0 E

)
M

)∗
×

×
(

bc 0
0 0

)ω

=
((

0 0
c 0

)
+

(
(bc)∗ (bc)∗b

0 E

)
M

)ω

+

+
((

0 0
c 0

)
+

(
(bc)∗ (bc)∗b

0 E

)
M

)∗(
(bc)ω

0

)
=

=
((

1 0
c E

)(
(bc)∗ (bc)∗b

0 E

)
M

)ω

+

+
((

1 0
c E

)(
(bc)∗ (bc)∗b

0 E

)
M

)∗(
1 0
c E

)(
(bc)ω

0

)
=

=
((

(bc)∗ (bc)∗b
c(bc)∗ (cb)∗

)
M

)ω

+
((

(bc)∗ (bc)∗b
c(bc)∗ (cb)∗

)
M

)∗(
(bc)ω

(cb)ω

)
=

=
((

0 b
c 0

)∗
M

)ω

+
((

0 b
c 0

)∗
M

)∗(
0 b
c 0

)ω

.

Òåîðåìà 3.4. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà òîæäåñòâî ¾îìåãà-ñóììà¿ âûïîëíÿåòñÿ äëÿ ïàðû ïîëóêîëüöî ñî
çâåçäîé-îìåãà-ïîëóìîäóëü (A(n+1)×(n+1), V n+1).

Äîêàçàòåëüñòâî. Ïóñòü a ∈ A1×1, b ∈ A1×n, c ∈ An×1, d ∈ An×n,
M ∈ A(n+1)×(n+1). Ïîëó÷èì òîãäà

((
a b
c d

)
+ M

)ω

=
((

a 0
0 d

)∗(
0 b
c 0

)
+

(
a 0
0 d

)∗
M

)ω

+

+
((

a 0
0 d

)∗(
0 b
c 0

)
+

(
a 0
0 d

)∗
M

)∗(
a 0
0 d

)ω

=

=
((

0 a∗b
d∗c 0

)
+

(
a∗ 0
0 d∗

)
M

)ω

+

+
((

0 a∗b
d∗c 0

)
+

(
a∗ 0
0 d∗

)
M

)∗(
aω

dω

)
=

=
((

0 a∗b
d∗c 0

)∗(
a∗ 0
0 d∗

)
M

)ω

+

+
((

0 a∗b
d∗c 0

)∗(
a∗ 0
0 d∗

)
M

)∗(
0 a∗b

d∗c 0

)ω

+



+
((

0 a∗b
d∗c 0

)∗(
a∗ 0
0 d∗

)
M

)∗(
0 a∗b

d∗c 0

)∗(
aω

dω

)
=

=
((

(a∗bd∗c)∗a∗ a∗b(d∗ca∗b)∗d∗
d∗c(a∗bd∗c)∗a∗ (d∗ca∗b)∗d∗

)
M

)ω

+

+
((

(a∗bd∗c)∗a∗ a∗b(d∗ca∗b)∗d∗
d∗c(a∗bd∗c)∗a∗ (d∗ca∗b)∗d∗

)
M

)∗(
(a∗bd∗c)ω

(d∗ca∗b)ω

)
+

+
((

(a∗bd∗c)∗a∗ a∗b(d∗ca∗b)∗d∗
d∗c(a∗bd∗c)∗a∗ (d∗ca∗b)∗d∗

)
M

)∗
×

×
(

(a∗bd∗c)∗ a∗b(d∗ca∗b)∗
d∗c(a∗bd∗c)∗ (d∗ca∗b)∗

) (
aω

dω

)
=

=
((

(a + bd∗c)∗ a∗b(d + ca∗b)∗
d∗c(a + bd∗c)∗ (d + ca∗b)∗

)
M

)ω

+

+
((

(a + bd∗c)∗ a∗b(d + ca∗b)∗
d∗c(a + bd∗c)∗ (d + ca∗b)∗

)
M

)∗
×

×
(

(a∗bd∗c)ω + (a∗bd∗c)∗aω + a∗b(d∗ca∗b)∗dω

(d∗ca∗b)ω + d∗c(a∗bd∗c)∗aω + (d∗ca∗b)∗dω

)
=

=
((

a b
c d

)∗
M

)ω

+
((

a b
c d

)∗
M

)∗(
a b
c d

)ω

.

Âî-âòîðûõ, äîêàæåì, ÷òî âûïîëíÿþòñÿ íåêîòîðûå ÷àñòíûå ñëó÷àè
òîæäåñòâà ¾îìåãà-ïðîèçâåäåíèå¿.

Ëåììà 3.5. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ a, f ∈ A1×1, b ∈ A1×n, c ∈ An×1, d ∈ An×n âûïîëíÿåòñÿ
ñëåäóþùåå ðàâåíñòâî:

((
a b
c d

)(
f 0
0 0

))ω

=
(

a b
c d

)((
f 0
0 0

)(
a b
c d

))ω

.

Äîêàçàòåëüñòâî. Ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà ðàâíÿþòñÿ
(

af 0
cf 0

)ω

=
(

(af)ω

cf(af)ω

)
=

(
(af)ω

c(fa)ω

)

è (
a b
c d

)(
fa fb
0 0

)ω

=
(

a b
c d

)(
(fa)ω

0

)
=

=
(

a(fa)ω

c(fa)ω

)
=

(
(af)ω

c(fa)ω

)

ñîîòâåòñòâåííî.



Ëåììà 3.6. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ a, s ∈ A1×1, b, t ∈ A1×n, c, u, h ∈ An×1, d, v ∈ An×n âûïîëíÿ-
åòñÿ ñëåäóþùåå ðàâåíñòâî:

((
a b
c d

)(
s t
u v

) (
0 0
h 0

))ω

=

=
(

a b
c d

) ((
s t
u v

)(
0 0
h 0

)(
a b
c d

))ω

.

Äîêàçàòåëüñòâî. Ëåâàÿ ÷àñòü ðàâåíñòâà ðàâíÿåòñÿ
((

a b
c d

)(
th 0
vh 0

))ω

=
(

ath + bvh 0
cth + dvh 0

)ω

=

=
(

(ath + bvh)ω

(cth + dvh)(ath + bvh)ω

)
=

(
a b
c d

)(
t(hat + hbv)ω

v(hat + hbv)ω

)
.

Ïðàâàÿ ÷àñòü ðàâåíñòâà áåç ïåðâîãî ñîìíîæèòåëÿ ðàâíÿåòñÿ
(

tha thb
vha vhb

)ω

=

=
(

(tha + thb(vhb)∗vha)ω + (tha + thb(vhb)∗vha)∗thb(vhb)ω

(vhb + vha(tha)∗thb)ω + (vhb + vha(tha)∗thb)∗vha(tha)ω

)
=

=
(

(t(hbv)∗ha)ω + (t(hbv)∗ha)∗thb(vhb)ω

(v(hat)∗hb)ω + (v(hat)∗hb)∗vha(tha)ω

)
=

=
(

t(hbv + hat)ω

v(hat + hbv)ω

)
.

Ëåììà 3.7. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ a, s ∈ A1×1, b, t ∈ A1×n, c, u ∈ An×1, d, v, i ∈ An×n âûïîëíÿ-
åòñÿ ñëåäóþùåå ðàâåíñòâî:

((
a b
c d

) (
s t
u v

)(
0 0
0 i

))ω

=

=
(

a b
c d

)((
s t
u v

)(
0 0
0 i

)(
a b
c d

))ω

.

Äîêàçàòåëüñòâî. Ëåâàÿ ÷àñòü ðàâåíñòâà ðàâíÿåòñÿ
((

a b
c d

)(
0 ti
0 vi

))ω

=
(

0 ati + bvi
0 cti + dvi

)ω

=

=
(

(ati + bvi)(cti + dvi)ω

(cti + dvi)ω

)
=

(
a b
c d

)(
t(ict + idv)ω

v(ict + idv)ω

)
.

Ïðàâàÿ ÷àñòü ðàâåíñòâà ðàâíÿåòñÿ
(

a b
c d

)((
0 ti
0 vi

)(
a b
c d

))ω

=
(

a b
c d

)(
tic tid
vic vid

)ω

.

Ïîäñòàíîâêà i ↔ h, a ↔ c, b ↔ d ïîêàçûâàåò äëÿ âòîðîãî ìàòðè÷íîãî
ìíîæèòåëÿ ñèììåòðèþ ñ ðàâåíñòâîì ëåììû 3.6.



Ëåììà 3.8. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ a, s ∈ A1×1, b, g, t ∈ A1×n, c, u ∈ An×1, d, v ∈ An×n âûïîëíÿ-
åòñÿ ñëåäóþùåå ðàâåíñòâî:

((
a b
c d

) (
s t
u v

)(
0 g
0 0

))ω

=

=
(

a b
c d

)((
s t
u v

)(
0 g
0 0

)(
a b
c d

))ω

.

Äîêàçàòåëüñòâî. Ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà ðàâíÿþòñÿ
((

a b
c d

)(
0 sg
0 ug

))ω

è (
a b
c d

)((
0 sg
0 ug

)(
a b
c d

))ω

,

ñîîòâåòñòâåííî. Ïîäñòàíîâêà s ↔ t, g ↔ i, u ↔ v ïîêàçûâàåò ñèììåò-
ðèþ ðàâíñòâó ëåììû 3.7.

Ëåììà 3.9. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ M,M ′ ∈ A(n+1)×(n+1), è g ∈ A1×n, h ∈ An×1 âûïîëíÿåòñÿ
ñëåäóþùåå ðàâåíñòâî:

(
MM ′

(
0 g
h 0

))ω

= M

(
M ′

(
0 g
h 0

)
M

)ω

.

Äîêàçàòåëüñòâî.
(

MM ′
(

0 g
h 0

))ω

=
(

MM ′
(

0 g
0 0

)
+ MM ′

(
0 0
h 0

))ω

=

=
((

MM ′
(

0 g
0 0

))∗
MM ′

(
0 0
h 0

))ω

+

+
((

MM ′
(

0 g
0 0

))∗
MM ′

(
0 0
h 0

))∗(
MM ′

(
0 g
0 0

))ω

=

=
(

M

(
M ′

(
0 g
0 0

)
M

)∗
M ′

(
0 0
h 0

))ω

+

+
(

M

(
M ′

(
0 g
0 0

)
M

)∗
M ′

(
0 0
h 0

))∗
M

(
M ′

(
0 g
0 0

)
M

)ω

=

= M

((
M ′

(
0 g
0 0

)
M

)∗
M ′

(
0 0
h 0

)
M

)ω

+

+M

((
M ′

(
0 g
0 0

)
M

)∗
M ′

(
0 0
h 0

)
M

)∗(
M ′

(
0 g
0 0

)
M

)ω

=

= M

(
M ′

(
0 g
0 0

)
M + M ′

(
0 0
h 0

)
M

)ω

= M

(
M ′

(
0 g
h 0

)
M

)ω

.



Ëåììà 3.10. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ M,M ′ ∈ A(n+1)×(n+1), è f ∈ A1×1, i ∈ An×n âûïîëíÿåòñÿ
ñëåäóþùåå ðàâåíñòâî:

(
M

(
f 0
0 i

))ω

= M

((
f 0
0 i

)
M

)ω

.

Äîêàçàòåëüñòâî.
(

M

(
f 0
0 i

))ω

=
(

M

(
f 0
0 0

)
+ M

(
0 0
0 i

))ω

=

=
((

M

(
f 0
0 0

))∗
M

(
0 0
0 i

))ω

+

+
((

M

(
f 0
0 0

))∗
M

(
0 0
0 i

))∗(
M

(
f 0
0 0

))ω

=

=
(

M

((
f 0
0 0

)
M

)∗(
0 0
0 i

))ω

+

+
(

M

((
f 0
0 0

)
M

)∗(
0 0
0 i

))∗
M

((
f 0
0 0

)
M

)ω

=

= M

(((
f 0
0 0

)
M

)∗(
0 0
0 i

)
M

)ω

+

+M

(((
f 0
0 0

)
M

)∗(
0 0
0 i

)
M

)∗((
f 0
0 0

)
M

)ω

=

= M

((
f 0
0 0

)
M +

(
0 0
0 i

)
M

)ω

= M

((
f 0
0 i

)
M

)ω

.

Òåîðåìà 3.11.Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà òîæäåñòâî ¾îìåãà-ïðîèçâåäåíèå¿ âûïîëíÿåòñÿ äëÿ ïàðû ïîëó-
êîëüöî ñî çâåçäîé-îìåãà-ïîëóìîäóëü (A(n+1)×(n+1), V n+1).

Äîêàçàòåëüñòâî. Ïóñòü M ∈ A(n+1)×(n+1) è f ∈ A1×1, g ∈ A1×n,
h ∈ An×1, i ∈ An×n. Òîãäà äîêàæåì, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî

(
M

(
f g
h i

))ω

= M

((
f g
h i

)
M

)ω

.

Ïîëó÷èì:
(

M

(
f g
h i

))ω

=
(

M

(
f 0
0 i

)
+ M

(
0 g
h 0

))ω

=

=
((

M

(
f 0
0 i

))∗
M

(
0 g
h 0

))ω

+



+
((

M

(
f 0
0 i

))∗
M

(
0 g
h 0

))∗(
M

(
f 0
0 i

))ω

=

=
(

M

((
f 0
0 i

)
M

)∗(
0 g
h 0

))ω

+

+
(

M

((
f 0
0 i

)
M

)∗(
0 g
h 0

))∗
M

((
f 0
0 i

)
M

)ω

=

= M

(((
f 0
0 i

)
M

)∗(
0 g
h 0

)
M

)ω

+

+M

(((
f 0
0 i

)
M

)∗(
0 g
h 0

)
M

)∗((
f 0
0 i

)
M

)ω

=

= M

((
f 0
0 i

)
M +

(
0 g
h 0

)
M

)ω

= M

((
f g
h i

)
M

)ω

.

Ñëåäñòâèå 3.12 (Bloom, Esik [5]). Åñëè (A, V ) � ïàðà ïîëóêîëüöî-
ïîëóìîäóëü Êîíâåÿ, òî äëÿ n > 0 ïàðà (A(n+1)×(n+1), V n+1) ñíîâà ÿâ-
ëÿåòñÿ ïàðîé ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.

Äîêàæåì òåïåðü òîæäåñòâî ¾îìåãà-ìàòðèöà¿.

Òåîðåìà 3.13 (Bloom, Esik [5]). Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-
ïîëóìîäóëü Êîíâåÿ. Òîãäà òîæäåñòâî ¾îìåãà-ìàòðèöà¿ âûïîëíÿåòñÿ
äëÿ ïàðû ïîëóêîëüöî ñî çâåçäîé-îìåãà-ïîëóìîäóëü (A(n+1)×(n+1), V n+1).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òîæ-
äåñòâà äëÿ çâåçäû ìàòðèöû â ÷àñòè I [1], òåîðåìà 2.18, è ïðîâîäèòñÿ
èíäóêöèåé ïî ðàçìåðíîñòè ìàòðèöû. Äëÿ 2× 2-ìàòðèö ïðîáëåì íå âîç-
íèêàåò. Ïóñòü M ∈ An×n, n > 3, çàäàåì ðàçáèåíèå M íà äåâÿòü áëî-
êîâ ðàçìåðíîñòÿìè f ∈ An1×n1 , g ∈ An1×n2 , h ∈ An1×n3 , i ∈ An2×n1 ,
a ∈ An2×n2 , b ∈ An2×n3 , j ∈ An3×n1 , c ∈ An3×n2 , d ∈ An3×n3 :

M =

(
f g h
i a b
j c d

)

Òåïåðü äîêàçàòåëüñòâî ñâîäèòñÿ ê äåìîíñòðàöèè òîãî, ÷òî åñëè ìû
âû÷èñëèì ω îò ìàòðèö

M =

(
f g h
i a b
j c d

)
è M ′ =

(
f g h
i a b
j c d

)

îïèñàííûì ñïîñîáîì, òî ïîëó÷èì îäèíàêîâûé ðåçóëüòàò. Ñëåäîâàòåëü-
íî, íàì íóæíî ïðîâåðèòü òðè ðàâåíñòâà îò äåâÿòè ïåðåìåííûõ.



(i) Âû÷èñëèì ñíà÷àëà Mω. Îáîçíà÷èì áëîêè ìàòðèöû Mω ÷åðåç
(Mω)i, 1 6 i 6 3. Ïîëó÷èì

(Mω)1 =
(

f + (g h)
(

a b
c d

)∗(
i
j

))ω

+

+
(

f + (g h)
(

a b
c d

)∗(
i
j

))∗
(g h)

(
a b
c d

)ω

=

=
(

f + (g h)
(

(a + bd∗c)∗ a∗b(d + ca∗b)∗
d∗c(a + bd∗c)∗ (d + ca∗b)∗

)(
i
j

))ω

+

+
(

f + (g h)
(

(a + bd∗c)∗ a∗b(d + ca∗b)∗
d∗c(a + bd∗c)∗ (d + ca∗b)∗

)(
i
j

))∗
×

×(g h)
(

(a + bd∗c)ω + (a + bd∗c)∗bdω

(d + ca∗b)ω + (d + ca∗b)∗caω

)
=

= αω + α∗(g(a + bd∗c)ω + g(a + bd∗c)∗bdω +
+h(d + ca∗b)ω + h(d + ca∗b)∗caω) ,

ãäå α = f + g(a + bd∗c)∗i + ga∗b(d + ca∗b)∗j + hd∗c(a + bd∗c)∗i +
+h(d + ca∗b)∗j,

(
(Mω)2
(Mω)3

)
=

((
a b
c d

)
+

(
i
j

)
f∗(g h)

)ω

+

+
((

a b
c d

)
+

(
i
j

)
f∗(g h)

)∗(
i
j

)
fω =

=
(

a + if∗g b + if∗h
c + jf∗g d + jf∗h

)ω

+

+
(

a + if∗g b + if∗h
c + jf∗g d + jf∗h

)∗(
ifω

jfω

)
=

=
(

βω + β∗(b + if∗h)(d + jf∗h)ω

γω + γ∗(c + jf∗g)(a + if∗g)ω

)
+

+
(

β∗ifω + β∗(b + if∗h)(d + jf∗h)∗jfω

γ∗(c + jf∗g)(a + if∗g)∗ifω + γ∗jfω

)
,

ãäå

β = a + if∗g + (b + if∗h)(d + jf∗h)∗(c + jf∗g),
γ = d + jf∗h + (c + jf∗g)(a + if∗g)∗(b + if∗h) .

(ii) Âû÷èñëèì òåïåðü M ′ω. Îáîçíà÷èì áëîêè ìàòðèöû M ′ω ÷åðåç
(M ′ω)i, 1 6 i 6 3. Ïîëó÷èì

(
(M ′ω)1
(M ′ω)2

)
=

((
f g
i a

)
+

(
h
b

)
d∗(j c)

)ω

+

+
((

f g
i a

)
+

(
h
b

)
d∗(j c)

)∗(
h
b

)
dω =



=
(

f + hd∗j g + hd∗c
i + bd∗j a + bd∗c

)ω

+

+
(

f + hd∗j g + hd∗c
i + bd∗j a + bd∗c

)∗(
hdω

bdω

)
=

=
(

δω + δ∗(g + hd∗c)(a + bd∗c)ω

ηω + η∗(i + bd∗j)(f + hd∗j)ω

)
+

+
(

δ∗hdω + δ∗(g + hd∗c)(a + bd∗c)∗bdω

η∗(i + bd∗j)(f + hd∗j)∗hdω + η∗bdω

)
,

ãäå
δ = f + hd∗j + (g + hd∗c)(a + bd∗c)∗(i + bd∗j),
η = a + bd∗c + (i + bd∗j)(f + hd∗j)∗(g + hd∗c) .

(M ′ω)3 =
(

d + (j c)
(

f g
i a

)∗(
h
b

))ω

+

+
(

d + (j c)
(

f g
i a

)(
h
b

))∗
(j c)

(
f g
i a

)ω

=

=
(

d + (j c)
(

(f + ga∗i)∗ f∗g(a + if∗g)∗
a∗i(f + ga∗i)∗ (a + if∗g)∗

) (
h
b

))ω

+

+
(

d + (j c)
(

(f + ga∗i)∗ f∗g(a + if∗g)∗
a∗i(f + ga∗i)∗ (a + if∗g)∗

) (
h
b

))∗
×

×(j c)
(

(f + ga∗i)ω + (f + ga∗i)∗gaω

(a + if∗g)ω + (a + if∗g)∗ifω

)
=

= χω + χ∗(j(f + ga∗i)ω + j(f + ga∗i)∗gaω +
+c(a + if∗g)ω + c(a + if∗g)∗ifω) ,

ãäå χ = d + j(f + ga∗i)∗h + jf∗g(a + if∗g)∗b + ca∗i(f + ga∗i)∗h +
+c(a + if∗g)∗b.

(iii) Ïîêàæåì òåïåðü ñïðàâåäëèâîñòü ðàâåíñòâ (Mω)i = (M ′ω)i,
1 6 i 6 3. Ïîëó÷èì α = δ ïî ëåììå 2.16 ÷àñòè I [1]. Ñëåäîâàòåëüíî,
äëÿ äîêàçàòåëüñòâà ðàâåíñòâà (Mω)1 = (M ′ω)1 íàì íóæíî ïîêàçàòü,
÷òî ñëåäóþùèå äâà âûðàæåíèÿ ðàâíû:

g(a + bd∗c)ω + g(a + bd∗c)∗bdω + h(d + ca∗b)ω + h(d + ca∗b)∗caω,

(g + hd∗c)(a + bd∗c)ω + hdω + (g + hd∗c)(a + bd∗c)∗bdω .

Â îáîèõ âûðàæåíèÿõ âñòðå÷àþòñÿ ÷ëåíû g(a + bd∗c)ω è
g(a + bd∗c)∗bdω. Ïåðâîå âûðàæåíèå áåç ýòèõ ÷ëåíîâ äàåò

h(d∗ca∗b)ω + h(d∗ca∗b)∗dω + h(d∗ca∗b)∗d∗caω ,

òîãäà êàê âòîðîå, áåç ýòèõ ÷ëåíîâ, äàåò
hd∗c(a∗bd∗c)ω + hd∗c(a∗bd∗c)∗aω + hd∗c(a∗bd∗c)∗a∗bdω + hdω .



Ëåãêî ïðîâåðèòü, ÷òî ïåðâûå ÷ëåíû îáîèõ âûðàæåíèé ñîâïàäàþò,
òðåòèé ÷ëåí â ïåðâîì è âòîðîé ÷ëåí âî âòîðîì âûðàæåíèè ðàâíû, âòî-
ðîé ÷ëåí â ïåðâîì è ñóììà òðåòüåãî è ÷åòâåðòîãî ÷ëåíîâ âî âòîðîì
âûðàæåíèè ñîâïàäàþò. Ñëåäîâàòåëüíî, (Mω)1 = (M ′ω)1.

Èìååì β = η ïî ëåììå 2.17 ÷àñòè I [1]. Ñëåäîâàòåëüíî, äëÿ äîêàçà-
òåëüñòâà òîãî, ÷òî (Mω)2 = (M ′ω)2, íàì íóæíî ïîêàçàòü ðàâåíñòâî

(b + if∗h)(d + jf∗h)ω + ifω + (b + if∗h)(d + jf∗h)∗jfω =
= (i + bd∗j)(f + hd∗j)ω + (i + bd∗j)(f + hd∗j)∗hdω + bdω .

Ëåâàÿ ÷àñòü äàåò b(d∗jf∗h)ω + if∗h(d∗jf∗h)ω + b(d∗jf∗h)∗dω +
+if∗h(d∗jf∗h)∗dω + ifω + b(d∗jf∗h)∗d∗jfω + if∗h(d∗jf∗h)∗d∗jfω, òîãäà
êàê ïðàâàÿ ÷àñòü äàåò i(f∗hd∗j)ω + bd∗j(f∗hd∗j)ω + i(f∗hd∗j)∗fω +
+bd∗j(f∗hd∗j)∗fω +i(f∗hd∗j)∗f∗hdω +bd∗j(f∗hd∗j)∗f∗hdω +bdω. Îáîçíà-
÷èì ñåìü ÷ëåíîâ ëåâîé (ñîîòâåòñòâåííî ïðàâîé) ÷àñòè ñëåâà íàïðàâî êàê
L1, L2, L3, L4, L5, L6, L7 (ñîîòâåòñòâåííî R1, R2, R3, R4, R5, R6, R7). Ëåã-
êî ïðîâåðÿþòñÿ ñëåäóþùèå ðàâåíñòâà: L1 = R2, L2 = R1, L3 = R6 +R7,
L4 = R5, L5+L7 = R3, L6 = R4. Åñëè ìû âûïîëíèì ïîäñòàíîâêó f ↔ d,
h ↔ j, g ↔ c, i ↔ b â ðàâåíñòâî (Mω)1 = (M ′ω)1, òî ïîëó÷èì ðàâåíñòâî
(M ′ω)3 = (Mω)3. Ñëåäîâàòåëüíî, íàøà òåîðåìà äîêàçàíà.

Èñïðàâëåíèå

Â ÷àñòè I [1] òåîðåìó 2.13 ñôîðìóëèðóåì â áîëåå îáùåì âèäå. Ýòî
çàêðîåò ïðîáåë â äîêàçàòåëüñòâå ñëåäñòâèÿ 2.15 â ÷àñòè I [1]. Íîâàÿ
òåîðåìà 2.13 è åå äîêàçàòåëüñòâî èìåþò òåïåðü ñëåäóþùèé âèä.

Òåîðåìà 2.13. Ïóñòü A � ïîëóêîëüöî Êîíâåÿ, M ∈ A(k+1)×(m+1) è
M ′ ∈ A(m+1)×(k+1), k,m > 0. Òîãäà (MM ′)∗M = M(M ′M)∗.

Äîêàçàòåëüñòâî. Ðàññìîòðèì òðè ñëó÷àÿ: (i) k = m = n, (ii) k =
n > m, (iii) m = n > k. Âî âñåõ òðåõ ñëó÷àÿõ äîêàçàòåëüñòâî ïðîâåäåì
èíäóêöèåé ïî n.

(i) Âîçüìåì äîêàçàòåëüñòâî òåîðåìû 2.13 ÷àñòè I [1].
(ii) Ïîñëå ðàçáèåíèÿ M è M ′ íà áëîêè

M =
(

a 0
b 0

)
è M ′ =

(
f g
0 0

)
,

ãäå a, f ∈ A(m+1)×(m+1), b ∈ A(n−m)×(m+1) è g ∈ A(m+1)×(n−m), èìååì

(MM ′)∗M =
(

af ag
bf bg

)∗(
a 0
b 0

)
=

=
(

(af + ag(bg)∗bf)∗(a + ag(bg)∗b) 0
(bg + bf(af)∗ag)∗(bf(af)∗a + b) 0

)
=

=
(

(a(gb)∗f)∗a(gb)∗ 0
(b(fa)∗g)∗b(fa)∗ 0

)
=

(
a(gb + fa)∗ 0
b(fa + gb)∗ 0

)
,



M(M ′M)∗ =
(

a 0
b 0

)(
fa + gb 0

0 0

)∗
=

(
a(fa + gb)∗ 0
b(fa + gb)∗ 0

)
.

(iii) Ïîñëå ðàçáèåíèÿ M è M ′ íà áëîêè

M =
(

a c
0 0

)
è M ′ =

(
f 0
h 0

)
,

ãäå a, f ∈ A(k+1)×(k+1), c ∈ A(k+1)×(n−k) è h ∈ A(n−k)×(k+1), ïîëó÷èì

(MM ′)∗M =
(

af + ch 0
0 0

)∗(
a c
0 0

)
=

=
(

(af + ch)∗a (af + ch)∗c
0 0

)
,

M(M ′M)∗ =
(

a c
0 0

)(
fa fc
ha hc

)∗
=

=
(

(a + c(hc)∗ha)(fa + fc(hc)∗ha)∗ (a(fa)∗fc + c)(hc + ha(fa)∗fc)∗
0 0

)
=

=
(

(ch)∗a(f(ch)∗a)∗ (af)∗c(h(af)∗c)∗
0 0

)
=

=
(

(ch + af)∗a (af + ch)∗c
0 0

)
.

4. Êîíå÷íûå àâòîìàòû íàä êâåìèêîëüöàìè
è òåîðåìà Êëèíè

Ðàññìîòðèì êîíå÷íûå àâòîìàòû íàä êâåìèêîëüöàìè è äîêàæåì òåî-
ðåìó Êëèíè. (A, V ) îáîçíà÷àåò ïàðó ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ, à
T � îáîáùåííîå êâåìèêîëüöî ñî çâåçäîé A × V . Êðîìå òîãî, A′ � ýòî
ïîäìíîæåñòâî â A.

Êîíå÷íûé A′-àâòîìàò (íàä êâåìèêîëüöîì T )

A = (n, I, M,P, k)

çàäàåòñÿ ñëåäóþùèìè êîìïîíåíòàìè:
(i) êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé {1, . . . , n}, n > 1;

(ii) ìàòðèöà ïåðåõîäîâ M ∈ (A′ ∪ {0, 1})n×n;

(iii) âåêòîð íà÷àëüíûõ ñîñòîÿíèé I ∈ (A′ ∪ {0, 1})1×n;

(iv) âåêòîð êîíå÷íûõ ñîñòîÿíèé P ∈ (A′ ∪ {0, 1})n×1;

(v) ìíîæåñòâî ïîâòîðÿþùèõñÿ ñîñòîÿíèé {1, . . . , k}, k > 0.



Ïîâåäåíèå àâòîìàòà A ÿâëÿåòñÿ ýëåìåíòîì â T è îïðåäåëÿåòñÿ êàê

||A|| = IM∗P + IMωk .

Åñëè A = (n, (i1 i2),
(

a b
c d

)
,

(
p1

p2

)
, k), ãäå i1 ∈ (A′ ∪ {0, 1})1×k, i2 ∈

(A′ ∪ {0, 1})1×(n−k), a ∈ (A′ ∪ {0, 1})k×k, b ∈ (A′ ∪ {0, 1})k×(n−k), c ∈
(A′ ∪ {0, 1})(n−k)×k, d ∈ (A′ ∪ {0, 1})(n−k)×(n−k), p1 ∈ (A′ ∪ {0, 1})k×1,
p2 ∈ (A′ ∪ {0, 1})(n−k)×1, òî ìû áóäåì çàïèñûâàòü òàêæå

A = (n; i1, i2; a, b, c, d; p1, p2; k) .

Ïóñòü òåïåðü (A, V ) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü. Ðàñ-
ñìîòðèì êîíå÷íûé A′-àâòîìàò A = (n; i1, i2; a, b, c, d; p1, p2; k), ìàòðèöó
M =

(
a b
c d

)
, ïðè÷åì

Mωk =
(

(a∗bd∗c)ω + (a∗bd∗c)∗aω

cd∗(a∗bd∗c)ω + cd∗(a∗bd∗c)∗aω

)
,

è íàïðàâëåííûé ãðàô àâòîìàòà A (ñì. ÷àñòü I [1], ãëàâà 3). Â ïåðâîì
ñëàãàåìîì ýëåìåíòîâ ìàòðèöû Mωk áëîêè b è c âñòðå÷àþòñÿ áåñêîíå÷íî
÷àñòî, ò. å. i-ÿ ñòðîêà ïåðâîãî ñëàãàåìîãî ÿâëÿåòñÿ ñóììîé âåñîâ âñåõ
áåñêîíå÷íûõ ïóòåé, íà÷èíàþùèõñÿ â ñîñòîÿíèè i è ïðîõîäÿùèõ áåñêî-
íå÷íî ÷àñòî ÷åðåç ïîâòîðÿþùèåñÿ ñîñòîÿíèÿ â {1, . . . , k} è íåïîâòîðÿþ-
ùèåñÿ ñîñòîÿíèÿ â {k + 1, . . . , n}. Âî âòîðîì ñëàãàåìîì ýëåìåíòîâ Mωk

áëîê a âñòðå÷àåòñÿ áåñêîíå÷íî ÷àñòî, à áëîêè b è c � ëèøü êîíå÷íîå
÷èñëî ðàç, ò. å. i-ÿ ñòðîêà âòîðîãî ñëàãàåìîãî ÿâëÿåòñÿ ñóììîé âåñîâ
âñåõ áåñêîíå÷íûõ ïóòåé, íà÷èíàþùèõñÿ â ñîñòîÿíèè i è ïðîõîäÿùèõ
áåñêîíå÷íî ÷àñòî ÷åðåç ïîâòîðÿþùèåñÿ ñîñòîÿíèÿ â {1, . . . , k} è ëèøü
êîíå÷íîå ÷èñëî ðàç ÷åðåç íåïîâòîðÿþùèåñÿ ñîñòîÿíèÿ â {k + 1, . . . , n}.
Ñëåäîâàòåëüíî, i-ÿ ñòðîêà ïåðâîãî è âòîðîãî ñëàãàåìûõ ýëåìåíòîâ ìàò-
ðèöû Mωk ñîñòîèò èç ñóìì âåñîâ íåïåðåñåêàþùèõñÿ ìíîæåñòâ áåñêî-
íå÷íûõ ïóòåé. Êðîìå òîãî, êàæäûé âåñ áåñêîíå÷íîãî ïóòè ïîäñ÷èòàí
íå ìåíåå îäíîãî ðàçà. Ñëåäîâàòåëüíî, èìååì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.1. Åñëè (A, V ) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü
è A � êîíå÷íûé A′-àâòîìàò, òî ||A|| = F + I, ãäå F � ñóììà âåñîâ
âñåõ êîíå÷íûõ ïóòåé èç íà÷àëüíîãî ñîñòîÿíèÿ â êîíå÷íîå ñîñòîÿíèå,
óìíîæåííàÿ íà íà÷àëüíûé è êîíå÷íûé âåñà ýòèõ ñîñòîÿíèé, I � ñóì-
ìà âåñîâ âñåõ áåñêîíå÷íûõ ïóòåé, íà÷èíàþùèõñÿ â íà÷àëüíîì ñîñòî-
ÿíèè, ïðîõîäÿùèõ áåñêîíå÷íî ÷àñòî ÷åðåç ïîâòîðÿþùèåñÿ ñîñòîÿíèÿ,
è óìíîæåííàÿ íà íà÷àëüíûé âåñ ýòîãî íà÷àëüíîãî ñîñòîÿíèÿ.

Ïî îïðåäåëåíèþ ω-Rat(A′) � îáîáùåííîå êâåìèêîëüöî ñî çâåçäîé,
ïîðîæäåííîå ìíîæåñòâîì A′.

Äîêàæåì òåîðåìó Êëèíè. Ïóñòü a ∈ A× V . Òîãäà a ∈ ω-Rat(A′) òî-
ãäà è òîëüêî òîãäà, êîãäà a � ïîâåäåíèå êîíå÷íîãî A′-àâòîìàòà. Äëÿ äî-
ñòèæåíèÿ ýòîãî ðåçóëüòàòà ïîòðåáóåòñÿ íåñêîëüêî òåîðåì è ñëåäñòâèé.



Ïóñòü A = (n, I, M, P, k) � êîíå÷íûé A′-àâòîìàò. Îí íàçûâàåòñÿ
íîðìèðîâàííûì, åñëè:

(i) n > 2 è k 6 n− 2;
(ii) In−1 = 1 è Ij = 0 äëÿ j 6= n− 1;
(iii) Pn = 1 è Pj = 0 äëÿ j 6= n;
(iv) Mi,n−1 = 0 è Mn,i = 0 äëÿ âñåõ 1 6 i 6 n.

Äâà êîíå÷íûõ A′-àâòîìàòà A è A′ ýêâèâàëåíòíû ïðè ||A|| = ||A′||.
Òåîðåìà 4.2. Ëþáîé êîíå÷íûé A′-àâòîìàò A = (n, I,M, P, k) ýêâè-

âàëåíòåí íîðìèðîâàííîìó êîíå÷íîìó A′-àâòîìàòó A′ =
= (n + 2, I ′,M ′, P ′, k).

Äîêàçàòåëüñòâî. Îïðåäåëèì I ′ = (0 1 0), M ′ =

(
M 0 P
I 0 0
0 0 0

)
è

P ′ =

( 0
0
1

)
. Ïóñòü òåïåðü A = (n; i1, i2; a, b, c, d; p1, p2; k). Òîãäà

M ′ =




a b 0 p1

c d 0 p2

i1 i2 0 0
0 0 0 0




è ïåðâûå k ýëåìåíòîâ ìàòðèöû M ′ωk ðàâíÿþòñÿ

a + (b 0 p1)

(
d 0 p2

i2 0 0
0 0 0

)∗(
c
i1
0

)


ω

=

=

(
a + (b 0 p1)

(
d∗ 0 d∗p2

i2d
∗ 1 i2d

∗p2

0 0 1

)(
c
i1
0

))ω

= (a + bd∗c)ω .

Ñëåäîâàòåëüíî, ïîñëåäíèå n− k + 2 ýëåìåíòîâ ìàòðèöû M ′ωk ðàâíû
(

d 0 p2

i2 0 0
0 0 0

)∗(
c
i1
0

)
(a + bd∗c)ω =

(
d∗c

i2d
∗c + i1
0

)
(a + bd∗c)ω,

ïîëó÷èì ||A′|| = I ′M ′∗P ′ + I ′M ′ωk = (M ′∗)n+1,n+2 + (M ′ωk)n+1 =
= IM∗P + (i2d∗c + i1)(a + bd∗c)ω = IM∗P + IMωk = ||A||.

Ëåììà 4.3. Åñëè A = (n; i1, i2; a, b, c, d; p1, p2; k) � êîíå÷íûé
A′-àâòîìàò, òî

||A|| = i1(a + bd∗c)∗(p1 + bd∗p2) + i2d
∗c(a + bd∗c)∗(p1 + bd∗p2) +

+i2d
∗p2 + i1(a + bd∗c)ω + i2d

∗c(a + bd∗c)ω .



Äîêàçàòåëüñòâî. Èìååì

||A|| = (i1 i2)
(

a b
c d

)∗(
p1

p2

)
+ (i1 i2)

(
a b
c d

)ωk

=

= (i1 i2)
(

(a + bd∗c)∗ (a + bd∗c)∗bd∗
d∗c(a + bd∗c)∗ d∗c(a + bd∗c)∗bd∗ + d∗

)(
p1

p2

)
+

+(i1 i2)
(

(a + bd∗c)ω

d∗c(a + bd∗c)ω

)
=

= i1(a + bd∗c)∗p1 + i1(a + bd∗c)∗bd∗p2 + i2d
∗c(a + bd∗c)∗p1 +

+i2d
∗c(a + bd∗c)∗bd∗p2 + i2d

∗p2 + i1(a + bd∗c)ω +
+i2d

∗c(a + bd∗c)ω .

Ïðåäïîëîæèì ÷òî A = (n; i1, i2; a, b, c, d; f, g; m) è A′ =
= (n′; h, i; a′, b′, c′, d′; p1, p2; k) � êîíå÷íûå A′-àâòîìàòû. Îïðåäåëèì òî-
ãäà êîíå÷íûå A′-àâòîìàòû A + A′ è A · A′ êàê

A + A′ = (n + n′; (i1 h), (i2 i);(
a 0
0 a′

)
,

(
b 0
0 b′

)
,

(
c 0
0 c′

)
,

(
d 0
0 d′

)
;

(
f
p1

)
,

(
g
p2

)
,m + k)

è
A · A′ = (n + n′; (i1 0), (i2 0);(

a fh
0 a′

)
,

(
b fi
0 b′

)
,

(
c gh
0 c′

)
,

(
d gi
0 d′

)
;

(
0
p1

)
,

(
0
p2

)
,m + k) .

Äëÿ îïðåäåëåíèÿ àâòîìàòà A · A′ äîïóñòèì, ÷òî ëèáî
(

f
g

)
(h i) ∈

∈ (A′ ∪ {0, 1})n×n′ , ëèáî A′ íîðìèðîâàí. Çàìåòèì, ÷òî îïðåäåëåíèÿ àâ-
òîìàòîâ A+A′ è A ·A′ (è àâòîìàòà A⊗, êîòîðûé îïðåäåëåí íèæå) îáû÷-
íûå, çà èñêëþ÷åíèåì òîãî ÷òî íåêîòîðûå ñòðîêè è ñòîëáöû ïåðåñòàâëå-
íû. Ýòè ïåðåñòàíîâêè íåîáõîäèìû, òàê êàê ìíîæåñòâîì ïîâòîðÿþùèõñÿ
ñîñòîÿíèé êîíå÷íîãî A′-àâòîìàòà âñåãäà ÿâëÿåòñÿ {1, . . . , k}.

Òåîðåìà 4.4. Ïóñòü A è A′ � êîíå÷íûå A′-àâòîìàòû. Òîãäà
||A + A′|| = ||A||+ ||A′|| è ||A · A′|| = ||A|| · ||A′||.

Äîêàçàòåëüñòâî. Ïóñòü A è A′ îïðåäåëåíû êàê è ðàíåå. Ïîêàæåì
ñíà÷àëà, ÷òî ||A + A′|| = ||A||+ ||A′|| è âû÷èñëèì ||A + A′|| · 0. Ìàòðèöà
ïåðåõîäîâ àâòîìàòà A + A′ çàäàíà êàê

M =




a 0 b 0
0 a′ 0 b′
c 0 d 0
0 c′ 0 d′


 .



Âû÷èñëèì òåïåðü ïåðâûå m + k ýëåìåíòîâ ìàòðèöû Mωm+k . Ýòîò
âåêòîð-ñòîëáåö ðàçìåðíîñòè m + k çàäàåòñÿ êàê

((
a 0
0 a′

)
+

(
b 0
0 b′

) (
d 0
0 d′

)∗(
c 0
0 c′

))ω

=

=
(

a + bd∗c 0
0 a′ + b′d′∗c′

)ω

=
(

(a + bd∗c)ω

(a′ + b′d′∗c′)ω

)
.

Ïîñëåäíèå n+n′− (m+ k) ýëåìåíòîâ ìàòðèöû Mωm+k çàäàþòñÿ ïðîèç-
âåäåíèåì ìàòðèöû

(
d 0
0 d′

)∗(
c 0
0 c′

)
=

(
d∗c 0
0 d′∗c′

)

ñ âåêòîð-ñòîëáöîì, âû÷èñëåííûì âûøå. Ñëåäîâàòåëüíî, ïîëó÷àåì ïî
ëåììå 4.3

||A + A′|| · 0 = (i1 h i2 i)Mωm+k = i1(a + bd∗c)ω + h(a′ + b′d′∗c′)ω+
i2d

∗c(a + bd∗c)ω + id′∗c′∗(a′ + b′d′∗c′)ω = (||A||+ ||A′||) · 0 .

Âû÷èñëèì òåïåðü ||A+A′||¶. Åñëè â ìàòðèöå ïåðåõîäîâ M àâòîìàòà
A+A′ ïåðåñòàâèòü m+1, . . . , m+k ñòðîêè è ñòîëáöû ñ m+k+1, . . . , n+k
ñòðîêàìè è ñòîëáöàìè è òî æå ñàìîå ñäåëàòü ñ íà÷àëüíûì è êîíå÷-
íûì âåêòîðàìè, òî ïî òîæäåñòâó ¾çâåçäà ïåðåñòàíîâêè¿ ïîëó÷èì (ñì.
Conway [7], Esik, Kuich [9])

||A + A′||¶ = (i1 i2 h i)




a b 0 0
c d 0 0
0 0 a′ b′
0 0 c′ d′




∗


f
g
p1

p2


 =

= (i1 i2)
(

a b
c d

)∗(
f
g

)
+ (h i)

(
a′ b′
c′ d′

)∗(
p1

p2

)
=

= (||A||+ ||A′||)¶ .

Ñëåäîâàòåëüíî, ||A + A′|| = ||A||+ ||A′||.
Ïîêàæåì òåïåðü, ÷òî ||A · A′|| = ||A|| · ||A′|| è âû÷èñëèì ||A · A′|| · 0.

Ìàòðèöà ïåðåõîäîâ àâòîìàòà A · A′ çàäàåòñÿ êàê

M =




a fh b fi
0 a′ 0 b′
c gh d gi
0 c′ 0 d′


 .

Âû÷èñëèì òåïåðü ïåðâûå m + k ýëåìåíòîâ ìàòðèöû Mωm+k . Ýòîò



âåêòîð-ñòîëáåö ðàçìåðíîñòè m + k çàäàåòñÿ êàê
((

a fh
0 a′

)
+

(
b fi
0 b′

)(
d∗ d∗gid′∗
0 d′∗

)(
c gh
0 c′

))ω

=

=
(

a + bd∗c (f + bd∗g)(h + id′∗c′)
0 a′ + b′d′∗c′

)ω

=

=
(

(a + bd∗c)ω + (a + bd∗c)∗(f + bd∗g)(h + id′∗c′)(a′ + b′d′∗c′)ω

(a′ + b′d′∗c′)ω

)
.

Ïîñëåäíèå n+n′− (m+k) ýëåìåíòîâ ìàòðèöû Mωm+k çàäàþòñÿ êàê
ïðîèçâåäåíèå ìàòðèöû

(
d gi
0 d′

)∗(
c gh
0 c′

)
=

(
d∗c d∗g(h + id′∗c′)
0 d′∗c′

)

ñ âåêòîð-ñòîëáöîì, âû÷èñëåííûì âûøå. Ïîýòîìó ïîëó÷èì

||A · A′|| · 0 = (i1 0 i2 0)Mωm+k = i1(a + bd∗c)ω+
+i1(a + bd∗c)∗(f + bd∗g)(h + id′∗c)(a′ + b′d′∗c′)ω + i2d

∗c(a + bd∗c)ω+
+i2d

∗c(a + bd∗c)∗(f + bd∗g)(h + id′∗c′)(a′ + b′d′∗c′)ω+
+i2d

∗g(h + id′∗c′)(a′ + b′d′∗c′)ω .

Ñ äðóãîé ñòîðîíû, ïî ëåììå 4.3 ïîëó÷èì

||A|| · ||A′|| · 0 = ||A|| · 0 + ||A||¶ · ||A′|| · 0 =
= i1(a + bd∗c)ω + i2d

∗c(a + bd∗c)ω + (i1(a + bd∗c)∗(f + bd∗g)+
+i2d

∗c(a + bd∗c)∗(f + bd∗g) + i2d
∗g)(h + id′∗c′)(a′ + b′d′∗c′)ω .

Ñëåäîâàòåëüíî, ||A · A′|| · 0 = ||A|| · ||A′|| · 0.
Âû÷èñëèì òåïåðü ||A · A′||¶. Åñëè â ìàòðèöå ïåðåõîäîâ M àâòîìàòà

A ·A′ ïåðåñòàâèòü m+1, . . . ,m+k ñòðîêè è ñòîëáöû ñ m+k+1, . . . , n+k
ñòðîêàìè è ñòîëáöàìè è òî æå ñàìîå ïðîèçâåñòè ñ íà÷àëüíûì è êîíå÷-
íûì âåêòîðàìè, òî ïî òîæäåñòâó ¾çâåçäà ïåðåñòàíîâêè¿ ïîëó÷èì (ñì.
Conway [7], Esik, Kuich [9])

||A · A′||¶ = (i1 i2 0 0)




a b fh fi
c d gh gi
0 0 a′ b′
0 0 c′ d′




∗


0
0
p1

p2


 =

= (i1 i2)
(

a b
c d

)∗(
f
g

)
(h i)

(
a′ b′
c′ d′

)∗(
p1

p2

)
=

= ||A||¶ · ||A′||¶ = ||A|| · ||A′||¶ .

Ñëåäîâàòåëüíî, ||A · A′|| = ||A|| · ||A′||.



Ïóñòü A = (n; h, i; a, b, c, d; f, g; k) � êîíå÷íûé A′-àâòîìàò, è çàïèøåì
I = (h i), M =

(
a b
c d

)
è P =

(
f
g

)
. Îïðåäåëèì òåïåðü êîíå÷íûé

A′-àâòîìàò A⊗ êàê

A⊗ = (1 + n + n; (1 0), (0 0);
(

0 h
0 a

)
,

(
i I
b 0

)
,

(
0 c
P 0

)
,

(
d 0
0 M

)
;
(

1
0

)
,

(
0
0

)
; 1 + k) .

Òåîðåìà 4.5. Ïóñòü A � êîíå÷íûé A′-àâòîìàò. Òîãäà ||A⊗|| =
= ||A||⊗.

Äîêàçàòåëüñòâî. Ïóñòü A îïðåäåëåí, êàê è ðàíåå. Ïóñòü

M ′ =




0 h i I
0 a b 0
0 c d 0
P 0 0 M


 .

Âû÷èñëèì ñíà÷àëà ||A⊗||¶. Çàìåòèì, ÷òî M ′ ìîæíî çàïèñàòü êàê

M ′ =

( 0 I I
0 M 0
P 0 M

)

è ÷òî ||A⊗||¶ = (M ′∗)11. Ïîëó÷èì

(M ′∗)11 =
(

(I I)
(

M 0
0 M

)∗(
0
P

))∗
=

= (IM∗P )∗ = (||A||¶)∗ = ||A||⊗¶ .

Âû÷èñëèì òåïåðü ïåðâûå 1 + k ýëåìåíòîâ ìàòðèöû M ′ω1+k . Ýòîò
âåêòîð-ñòîëáåö ðàçìåðíîñòè 1 + k çàäàåòñÿ êàê

((
0 h
0 a

)
+

(
i I
b 0

)(
d 0
0 M

)∗(
0 c
P 0

))ω

=

=
(

IM∗P h + id∗c
0 a + bd∗c

)ω

.

Ñëåäîâàòåëüíî, ||A⊗|| · 0 = (Mω1+k)1 = (IM∗P )ω + (IM∗P )∗(h + id∗c)×
×(a + bd∗c)ω. Ïî îïðåäåëåíèþ ||A||⊗ · 0 = (||A||¶)ω + (||A||¶)∗||A|| · 0.
Òàêèì îáðàçîì, ||A||⊗ · 0 = (IM∗P )ω + (IM∗P )∗(h + id∗c)(a + bd∗c)ω =
= ||A⊗|| · 0 è ïîëó÷àåì ||A⊗|| = ||A||⊗.

Òåîðåìà 4.6. Ïóñòü A = (n, I, M, P, k) � êîíå÷íûé A′-àâòîìàò.
Òîãäà ñóùåñòâóåò êîíå÷íûé A′-àâòîìàò A¶, ||A¶|| = ||A||¶.

Äîêàçàòåëüñòâî. ||A||¶ = (n, I, M, P, 0).



Òåîðåìà 4.7. Ïóñòü a ∈ A′ ∪ {0, 1}. Òîãäà ñóùåñòâóåò êîíå÷íûé
A′-àâòîìàò Aa òàêîé, ÷òî ||Aa|| = a.

Äîêàçàòåëüñòâî. Åñëè Aa = (2,
(

0 a
0 0

)
, (1 0),

(
0
1

)
, 0), òî

||Aa|| = (1 0)
(

1 a
0 1

)(
0
1

)
= a .

Ñëåäñòâèå 4.8. Ïîâåäåíèå êîíå÷íîãî A′-àâòîìàòà îáðàçóåò îáîá-
ùåííîå êâåìèêîëüöî ñî çâåçäîé, êîòîðîå ñîäåðæèò A′.

Òåîðåìà 4.9 (Òåîðåìà Êëèíè). Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-
ïîëóìîäóëü Êîíâåÿ. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû äëÿ
(s, v) ∈ A× V :
(i) (s, v) = ||A||, ãäå A � êîíå÷íûé A′-àâòîìàò,

(ii) (s, v) ∈ ω-Rat(A′),

(iii) s ∈ Rat(A′) è v ∈ ∑
16k6m skt

m
k , ãäå sk, tk ∈ Rat(A′).

Äîêàçàòåëüñòâî. (ii) ⇒ (iii). Êàæäûé ýëåìåíò ìàòðèöû Mωk èìååò
âèä(s,

∑
16k6m skt

m
k ), ãäå s, sk, tk ∈ Rat(A′).

(iii) ⇒ (ii). (s, v) = (s, 0) + (0, v). Ïîñêîëüêó (s, 0) ëåæèò â Rat(A′) ⊆
ω-Rat(A′) è (0, v) = (0,

∑
16k6m skt

m
k ) ëåæèò â ω-Rat(A′), òî (s, v) ëåæèò

â ω-Rat(A′).
(ii) ⇒ (i). Ïî ñëåäñòâèþ 4.8.

5. Ëèíåéíûå ñèñòåìû íàä êâåìèêîëüöàìè
Ðàññìîòðèì ëèíåéíûå ñèñòåìû íàä êâåìèêîëüöàìè êàê îáîáùåíèå

ðåãóëÿðíûõ ãðàììàòèê ñ êîíå÷íûìè è áåñêîíå÷íûìè âûâîäàìè. Ïåðåä
òåì êàê ïåðåéòè ê ýòèì ñèñòåìàì, äîêàæåì äâå òåîðåìû î ìàòðèöàõ
(òåîðåìû 5.1 è 5.4 äëÿ ïàð ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ) è äâå òåî-
ðåìû î ïîëíûõ ïàðàõ ïîëóêîëüöî-ïîëóìîäóëü (òåîðåìû 5.5 è 5.6).

Òåîðåìà 5.1. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Òîãäà äëÿ 0 6 k 6 n

MMωk = Mωk .

Äîêàçàòåëüñòâî. Ïóñòü M ðàçáèòà íà áëîêè, êàê â (1), íî áëîê a
èìååò ðàçìåðíîñòü k × k, à d � (n− k)× (n− k). Òîãäà ïî òåîðåìå 3.13

MMωk =
(

a b
c d

)(
(a + bd∗c)ω

d∗c(a + bd∗c)ω

)
= Mωk .

Äâå ëåììû íåîáõîäèìû äëÿ äîêàçàòåëüñòâà òåîðåìû 5.4.



Ëåììà 5.2. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ
è 0 ≤ k ≤ n. Ïóñòü a ∈ Ak×k, b0, b1 ∈ Ak×(n−k), c ∈ A(n−k)×k,
d0, d1 ∈ A(n−k)×(n−k). Êðîìå òîãî, ïóñòü M0 =

(
0 b0

0 d0

)
è M1 =

=
(

a b1

c d1

)
. Òîãäà (M0 + M1)ωk = (M∗

0 M1)ωk .

Äîêàçàòåëüñòâî.

(M∗
0 M1)ωk =

((
E b0d

∗
0

0 d∗0

)(
a b1

c d1

))ωk

=

=
(

a + b0d
∗
0c b1 + b0d

∗
0d1

d∗0c d∗0d1

)ωk

=

=
(

(a + b0d
∗
0c + (b1 + b0d

∗
0d1)(d∗0d1)∗d∗0c)

ω

(d∗0d1)∗d∗0c(a + b0d
∗
0c + (b1 + b0d

∗
0d1)(d∗0d1)∗d∗0c)

ω

)
.

Âåðõíèé áëîê ðàâåí (a + b0d
∗
0c + b1(d0 + d1)∗c + b0(d∗0d1)(d∗0d1)∗d∗0c)

ω =
= (a + (b0 + b1)(d0 + d1)∗c)ω. Íèæíèé áëîê ðàâåí (d0 + d1)∗c(a + (b0 +
+b1)(d0 + d1)∗c)ω. Ñëåäîâàòåëüíî, íàøà ëåììà äîêàçàíà.

Ëåììà 5.3. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ
è 0 6 k 6 n. Ïóñòü a0, a1 ∈ Ak×k, b ∈ Ak×(n−k), c0, c1 ∈ A(n−k)×k,
d ∈ A(n−k)×(n−k), aω

0 = 0. Êðîìå òîãî, ïóñòü M0 =
(

a0 0
c0 0

)
è M1 =

(
a1 b
c1 d

)
. Òîãäà (M0 + M1)ωk = M∗

0 (M1M
∗
0 )ωk .

Äîêàçàòåëüñòâî.

(M1M
∗
0 )ωk =

((
a1 b
c1 d

)(
a∗0 0

c0a
∗
0 E

))ωk

=

=
(

a1a
∗
0 + bc0a

∗
0 b

c1a
∗
0 + dc0a

∗
0 d

)ωk

=

=
(

(a1a
∗
0 + bc0a

∗
0 + bd∗(c1a

∗
0 + dc0a

∗
0))

ω

d∗(c1a
∗
0 + dc0a

∗
0)(a1a

∗
0 + bc0a

∗
0 + bd∗(c1a

∗
0 + dc0a

∗
0))

ω

)
=

=
(

((a1 + bd∗(c0 + c1))a∗0)
ω

(d∗c1 + d∗dc0)(a∗0(a1 + bd∗(c0 + c1)))ω

)
.

Îòñþäà

M∗
0 (M1M

∗
0 )ωk =

(
(a∗0(a1 + bd∗(c0 + c1)))ω

d∗(c0 + c1)(a∗0(a1 + bd∗(c0 + c1)))ω

)
=

=
(

(a0 + a1 + bd∗(c0 + c1))ω

d∗(c0 + c1)(a0 + a1 + bd∗(c0 + c1))ω

)
.

Íà ïîñëåäíåì øàãå èñïîëüçîâàíî òîæäåñòâî ¾îìåãà-ñóììà¿ è èñïîëü-
çîâàíî äîïóùåíèå aω

0 = 0. Ñëåäîâàòåëüíî, ëåììà äîêàçàíà.



Òåîðåìà 5.4. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ,
0 6 k 6 n. Ïóñòü a0, a1 ∈ Ak×k, b0, b1 ∈ Ak×(n−k), c0, c1 ∈ A(n−k)×k,
d0, d1 ∈ A(n−k)×(n−k), è (a0 + b0d

∗
0c0)ω = 0. Êðîìå òîãî, ïóñòü

M01 =
(

0 b0

0 d0

)
, M02 =

(
a0 0
c0 0

)
è M1 =

(
a1 b1

c1 d1

)
.

Òîãäà

(M∗
01M02)∗(M∗

01M1(M∗
01M02)∗)∗M∗

01 = (M01 + M02 + M1)∗,

(M∗
01M02)∗(M∗

01M1(M∗
01M02)∗)ωk = (M01 + M02 + M1)ωk .

Äîêàçàòåëüñòâî. Ëåâàÿ ÷àñòü ïåðâîãî ðàâåíñòâà ðàâíà
(M∗

01(M02 +M1))∗M∗
01 = (M01 +M02 +M1)∗. Ëåâûé âåðõíèé áëîê ìàòðè-

öû M∗
01M02 ðàâåí a0 + b0d

∗
0c0. Ñëåäîâàòåëüíî, ïî ëåììå 5.3 ëåâàÿ ÷àñòü

âòîðîãî ðàâåíñòâà ðàâíà (M∗
01(M02+M1))ωk , ÷òî ïî ëåììå 5.2 ðàâíÿåòñÿ

(M01 + M02 + M1)ωk .

Äàëåå ðàññìîòðèì ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî A. Â ñëåäóþùèõ
äâóõ òåîðåìàõ Σ∞ � êîíå÷íûé èëè áåñêîíå÷íûé àëôàâèò.

Òåîðåìà 5.5. Ïóñòü A � ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî. Òîãäà
(A〈〈Σ∗∞〉〉, A〈〈Σω∞〉〉) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü.

Äîêàçàòåëüñòâî.Î÷åâèäíî, ÷òî A〈〈Σω∞〉〉� ëåâûé A〈〈Σ∗∞〉〉-ïîëóìîäóëü,
è, êðîìå òîãî, äåéñòâèå ðàñïðåäåëÿåòñÿ íàä âñåìè ñóììàìè ïî îáîèì
àðãóìåíòàì. Ïóñòü äàíà ïîñëåäîâàòåëüíîñòü s1, s2, . . . â A〈〈Σ∗∞〉〉, îïðå-
äåëèì s = s1s2 . . . êàê

(s, w) =
∑

w=w1w2...

(s1, w1)(s2, w2) . . .

äëÿ âñåõ w ∈ Σ∗∞. Ïðîâåðèì, ÷òî áåñêîíå÷íîå ïðîèçâåäåíèå óäîâëåòâî-
ðÿåò âñåì òðåì óñëîâèÿì äëÿ îïåðàöèè áåñêîíå÷íîãî ïðîèçâåäåíèÿ â
îïðåäåëåíèè ïîëíîé ïàðû ïîëóêîëüöî-ïîëóìîäóëü ãëàâû 2.

Åñëè s0, s1, . . . â A〈〈Σ∗∞〉〉 è 1 6 k1 6 k2 . . ., òî äëÿ âñåõ w ∈ Σω∞

((s1 . . . sk1)(sk1+1 . . . sk2) . . . , w) =
=

∑
w=w′1w′2...(s1 . . . sk1 , w

′
1)(sk1+1 . . . sk2 , w

′
2) . . . =

=
∑

w=w′1w′2...

∑
w′1=w1...wk1

(s1, w1) . . . (sk1 , wk1)×
×∑

w′2=wk1+1...wk2
(sk1+1, wk1+1) . . . (sk2 , wk2) . . . =

=
∑

w=w′1w′2...

∑
w′1=w1...wk1

,w′2=wk1+1...wk2
,...(s1, w1) . . . (sk1 , wk1)×

×(sk1+1, wk1+1) . . . =
∑

w=w1w2...(s1, w1)(s2, w2) . . . = (s1s2 . . . , w),

÷òî äîêàçûâàåò ïåðâîå óñëîâèå. Àíàëîãè÷íî
(s0 · (s1s2 . . .), w) =

∑
w=w0w′(s0, w0)(s1s2 . . . , w′) =

=
∑

w=w0w′(s0, w0)
∑

w′=w1w2...(s1, w1)(s2, w2) . . . =
=

∑
w=w0w′

∑
w′=w1w2...(s0, w0)(s1, w1)(s2, w2) . . . =

=
∑

w=w0w1w2...(s0, w0)(s1, w1)(s2, w2) . . . = (s0s1s2 . . . , w),



÷òî äîêàçûâàåò âòîðîå óñëîâèå. Íàêîíåö, ïóñòü sj
ij
∈ A〈〈Σ∗∞〉〉 äëÿ âñåõ

ij ∈ Ij , j > 1, ãäå êàæäîå Ij � ïðîèçâîëüíîå ìíîæåñòâî èíäåêñîâ. Òîãäà
äëÿ êàæäîãî w ∈ Σ∗∞

(
∑

i1∈I1
s1
i1

∑
i2∈I2

s2
i2

. . . , w) =
=

∑
w=w1w2...(

∑
i1∈I1

s1
i1

, w1)(
∑

i2∈I2
s2
i2

, w2) . . . =
=

∑
w=w1w2...

∑
(i1,i2,...)∈I1×I2×...(s

1
i1

, w1)(s2
i2

, w2) . . . =
=

∑
(i1,i2,...)∈I1×I2×...

∑
w=w1w2...(s

1
i1

, w1)(s2
i2

, w2) =
=

∑
(i1,i2,...)∈I1×I2×...(s

1
i1

s2
i2

. . . , w),

÷òî äîêàçûâàå òðåòüå óñëîâèå.
Òåîðåìà 5.6. Ïóñòü A � ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî. Äëÿ

M (j) ∈ (A〈〈Σ∗∞〉〉)n×n, j > 1, îïðåäåëèì
∏

j>1 M (j) êàê

(
∏

j>1

M (j))i =
∑

16i1,i2,...6n

M
(1)
ii1

M
(2)
i1i2

M
(3)
i2i3

. . . , 1 6 i 6 n .

((A〈〈Σ∗∞〉〉)n×n, (A〈〈Σω∞〉〉)n) � ïîëíàÿ ïàðà ïîëóêîëüöî-ïîëóìîäóëü.
Äîêàçàòåëüñòâî.Ìû ïðîâåðèì òîëüêî òðåòüå óñëîâèå äëÿ îïåðàöèè

áåñêîíå÷íîãî ïðîèçâåäåíèÿ â îïðåäåëåíèè ïîëíîé ïàðû ïîëóêîëüöî-
ïîëóìîäóëü ãëàâû 2.

Ïóñòü M (ij) ∈ (A〈〈Σ∗∞〉〉)n×n äëÿ j > 1. Òîãäà äëÿ 1 6 k 6 n

(
∏

j>1(
∑

ij∈Ij
M (ij)))k =

=
∑

16k1,k2,...≤n(
∑

i1∈I1
M (i1))kk1(

∑
i2∈I2

M (i2))k1k2 . . . =
−∑

(i1,i2,...)∈I1×I2×...

∑
16k1,k2,...6n M

(i1)
kk1

M
(i2)
k1k2

. . . =
=

∑
(i1,i2,...)∈I1×I2×...(

∏
j>1 M (ij))k ,

çàâåðøàÿ ïðîâåðêó òðåòüåãî óñëîâèÿ.
A′-ëèíåéíîé ñèñòåìîé (îòíîñèòåëüíî ïåðåìåíûõ z1, . . . , zn íàä êâå-

ìèêîëüöîì A× V ) ÿâëÿåòñÿ ñèñòåìà óðàâíåíèé

My + P = y, (22)

ãäå M ∈ (A′ ∪ {0, 1})n×n, P ∈ (A′ ∪ {0, 1})n×1, y =




z1
...

zn


. Âåêòîð-

ñòîëáåö σ ∈ (A× V )n×1 íàçûâàåòñÿ ðåøåíèåì ñèñòåìû (22), åñëè

Mσ + P = σ .

Òåîðåìà 5.7. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîíâåÿ.
Ðàññìîòðèì A′-ëèíåéíóþ ñèñòåìó

My + P = y ,



ãäå M ∈ (A′ ∪ {0, 1})n×n; P ∈ (A′ ∪ {0, 1})n×1; y =




z1
...

zn


 � âåêòîð-

ñòîëáåö ïåðåìåííûõ. Òîãäà äëÿ ëþáîãî 0 6 k 6 n ñóììà Mωk + M∗P
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû My + P = y.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 5.1 äëÿ ëþáîãî 0 6 k 6 n

M(Mωk + M∗P ) + P = Mωk + M∗P .

Ïóñòü Ai = (n, ei,M, P, k), 1 6 i 6 n,� êîíå÷íûé A′-àâòîìàò, ãäå
ei � i-é åäèíè÷íûé âåêòîð. Òîãäà ||Ai|| ÿâëÿåòñÿ i-ì êîìïîíåíòîì ðå-
øåíèÿ äàííîãî â òåîðåìå 5.1 äëÿ A′-ëèíåéíîé ñèñòåìû My + P = y.

Òîãäà íàçîâåì ðåøåíèå



||A1||
...

||An||


 = Mωk + M∗P ñèñòåìû My + P =

= y k-ì òåîðåòèêî-àâòîìàòíûì ðåøåíèåì ñèñòåìû My + P = y.
Òåîðåìà 5.8. Ïóñòü (A, V ) � ïàðà ïîëóêîëüöî-ïîëóìîäóëü Êîí-

âåÿ è A′ ⊆ A. Ïóñòü A = (n, I,M,P, k) � êîíå÷íûé A′-àâòîìàò.
Òîãäà ||A|| = Iσ, ãäå σ åñòü k-å òåîðåòèêî-àâòîìàòíîå ðåøåíèå
A′-ëèíåéíîé ñèñòåìû My + P = y.

Ïóñòü A � ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî è ðàññìîòðèì
A′-ëèíåéíóþ ñèñòåìó My + P = y íàä êâåìèêîëüöîì A〈〈Σ∗〉〉 ×A〈〈Σω〉〉,
îïðåäåëåííûì ïåðåä òåîðåìîé 5.7 äëÿ A′ = A〈Σ ∪ ε〉. Çàïèøåì ýòó
ñèñòåìó â âèäå

zi =
∑

16j6n

∑

x∈Σ∪ε

(Mij , x)xzj +
∑

x∈Σ∪{ε}
(Pi, x)x , 1 6 i 6 n .

Àññîöèèðóåì ñ íåé ïðàâîëèíåéíóþ ãðàììàòèêó Gi = ({z1, . . . , zn},Σ,
R, zi), 1 6 i 6 n, ñ âåñàìè â ïîëóêîëüöå A, ãäå R = {zi → (Mij , x)xzj |
1 6 j 6 n, x ∈ Σ ∪ {ε}} ∪ {zi → (Pi, x)x | x ∈ Σ ∪ {ε}}. Çäåñü (Mij , x)
è (Pi, x) � âåñà ïðîäóêöèé zi → xzj è zi → x ñîîòâåòñòâåííî. (Ñì.
÷àñòü II [2] ïåðåä òåîðåìîé 3.8.) Êðîìå òîãî, ïóñòü Ak

i = (n, ei,M, P, k)
åñòü êîíå÷íûé A′-àâòîìàò, 1 6 i 6 n, äëÿ íåêîòîðîãî ôèêñèðîâàííîãî
k ∈ {0, . . . , n}, ãäå ei åñòü i-é åäèíè÷íûé âåêòîð-ñòðîêà.

Ðàññìîòðèì òåïåðü êîíå÷íûé âûâîä îòíîñèòåëüíî Gi

zi ⇒ (Mi,i1 , x1)x1zi1 ⇒ . . . ⇒ (Mi,i1 , x1) . . . (Mim−1,im , xm)x1 . . . xmzim ⇒
⇒ (Mi,i1 , x1) . . . (Mim−1,im , xm)(Pim , xm+1)x1 . . . xmxm+1,

êîòîðûé ïîðîæäàåò ñëîâî x1 . . . xmxm+1 ñ âåñîì (Mi,i1 , x1) . . .
. . . (Mim−1,im , xm)(Pim , xm+1) .

Ýòîò êîíå÷íûé âûâîä ñîîòâåòñòâóåò êîíå÷íîìó ïóòè â íàïðàâ-
ëåííîì ãðàôå àâòîìàòà Ak

i (zi, x1, zi1), . . . , (zim−1 , xm, zim) ñ âåñîì
(Mi,i1 , x1) . . . (Mim−1,im , xm) , íà÷àëüíûì âåñîì 1 è êîíå÷íûì âåñîì
(Pim , xm+1)xm+1.



Ðàññìîòðèì òåïåðü áåñêîíå÷íûé âûâîä îòíîñèòåëüíî Gi

zi ⇒ (Mi,i1 , x1)x1zi1 ⇒ . . . ⇒
⇒ (Mi,i1 , x1) . . . (Mim−1,im , xm)x1 . . . xmzim ⇒ . . . ,

êîòîðûé ïîðîæäàåò áåñêîíå÷íîå ñëîâî x1x2 . . . xm . . . ñ âåñîì
(Mi,i1 , x1) . . . (Mim−1,im , xm) . . . Ýòîò áåñêîíå÷íûé âûâîä ñîîòâåòñòâóåò
áåñêîíå÷íîìó ïóòè â íàïðàâëåííîì ãðàôå àâòîìàòà Ak

i

(zi, x1, zi1), . . . , (zim−1 , xm, zim), . . .

ñ âåñîì (Mi,i1 , x1) . . . (Mim−1,im , xm) . . . è íà÷àëüíûì âåñîì 1.
Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìàì 4.1 è 5.5 ïîëó÷èì ñëåäóþùèé ðå-

çóëüòàò äëÿ Gi è Ak
i , îïðåäåëåííûõ âûøå.

Òåîðåìà 5.9. Åñëè A � ïîëíîå çâåçäà-îìåãà-ïîëóêîëüöî è
1 6 i 6 n, 0 6 k 6 n, òî äëÿ w ∈ Σ∗, (||Ak

i ||, w) = ((M∗P )i, w) ÿâ-
ëÿòñÿ ñóììîé âåñîâ âñåõ êîíå÷íûõ âûâîäîâ ñëîâà w îòíîñèòåëüíî Gi,
à äëÿ w ∈ Σω, (||Ak

i ||, w) = ((Mωk)i, w) ÿâëÿòñÿ ñóììîé âåñîâ âñåõ êî-
íå÷íûõ âûâîäîâ ñëîâà w îòíîñèòåëüíî Gi, òàêèõ, ÷òî íå ìåíåå îäíîé
èç ïåðåìåííûõ {z1, . . . , zk} âñòðå÷àåòñÿ â ýòèõ áåñêîíå÷íûõ âûâîäàõ
áåñêîíå÷íîå ÷èñëî ðàç.

Â ÷àñòíîñòè, åñëè A = N∞ è (Mij , x), (Pi, x) ∈ {0, 1}, x ∈ Σ ∪ {ε},
1 6 i, j 6 n, òî ìû ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5.10. Äëÿ w ∈ Σ∗, (||Ak
i ||, w) = ((M∗P )i, w) åñòü ÷èñëî

êîíå÷íûõ âûâîäîâ ñëîâà w îòíîñèòåëüíî Gi, à äëÿ w ∈ Σω, (||Ak
i ||, w) =

= ((Mωk)i, w) åñòü ÷èñëî áåñêîíå÷íûõ âûâîäîâ ñëîâà w îòíîñèòåëüíî
Gi òàêèõ, ÷òî íå ìåíåå îäíîé èç ïåðåìåííûõ {z1, . . . , zk} âñòðå÷àåòñÿ
â ýòèõ áåñêîíå÷íûõ âûâîäàõ áåñêîíå÷íîå ÷èñëî ðàç.

Óäàëèì ε-ïåðåõîäû â êîíå÷íîì A〈Σ∪ ε〉-àâòîìàòå áåç èçìåíåíèÿ åãî
ïîâåäåíèÿ.

Òåîðåìà 5.11. Ïóñòü (A〈〈Σ∗〉〉, A〈〈Σω〉〉) � ïàðà ïîëóêîëüöî-ïîëó-
ìîäóëü Êîíâåÿ, (aε)ω = 0 äëÿ âñåõ a ∈ A, è ðàññìîòðèì êîíå÷íûé
A〈Σ ∪ ε〉-àâòîìàò A = (n, I, M, P, k). Òîãäà ñóùåñòâóåò êîíå÷íûé
A〈Σ ∪ ε〉-àâòîìàò A′ = (n, I ′,M ′, P ′, k), ||A′|| = ||A||, c óñëîâèÿìè:
(i) M ′ ∈ (A〈Σ〉)n×n;

(ii) I ′ ∈ (A〈ε〉)1×n;

(iii) P ′ ∈ (A〈ε〉)n×1.
Äîêàçàòåëüñòâî. Áåç ïîòåðè îáùíîñòè ïðåäïîëîæèì ïî òåîðåìå 4.2,

÷òî I ∈ (A〈ε〉)1×n è P ∈ (A〈ε〉)n×1. Ïóñòü M =
(

a b
c d

)
, ãäå a �

ðàçìåðíîñòè k×k è d � ðàçìåðíîñòè (n−k)×(n−k). Ïóñòü a = a0 +a1,
b = b0 + b1, c = c0 + c1, d = d0 + d1, òàê ÷òî íîñèòåëè ýëåìåíòîâ ìàòðèö
a0, b0, c0, d0 (ñîîòâåòñòâåííî a1, b1, c1, d1) ÿâëÿþòñÿ ïîäìíîæåñòâàìè â
{ε} (ñîîòâåòñòâåííî Σ). Ïîñêîëüêó εω = 0, ïîëó÷èì (a0 + b0d

∗
0c0)ω = 0.



Îïðåäåëèì ìàòðèöû M01, M02 è M1 êàê M01 =
(

0 b0

0 d0

)
,

M02 =
(

a0 0
c0 0

)
è M1 =

(
a1 b1

c1 d1

)
. Îïèøåì òåïåðü êîíå÷íûé

A〈Σ ∪ ε〉-àâòîìàò A′: I ′ = I(M∗
01M02)∗, M ′ = M∗

01M1(M∗
01M02)∗ è

P ′ = M∗
01P . Ïîâåäåíèå àâòîìàòà A′ çàäàåòñÿ êàê

||A′|| = I ′M ′∗P ′ + I ′M ′ωk =
= I(M∗

01M02)∗(M∗
01M1(M∗

01M02)∗)∗M∗
01P+

+I(M∗
01M02)∗(M∗

01M1(M∗
01M02)∗)ωk =

= I(M01 + M02 + M1)∗P + I(M01 + M02 + M1)ωk =
= IM∗P + IMωk = ||A|| .

Ìû ïðèìåíèëè çäåñü òåîðåìó 5.4 â òðåòüåì ðàâåíñòâå.

Òåîðåìà 5.12. Ïóñòü (A〈〈Σ∗〉〉, A〈〈Σω〉〉) � ïàðà ïîëóêîëüöî-ïîëó-
ìîäóëü Êîíâåÿ, ãäå (aε)ω = 0 äëÿ âñåõ a ∈ A, è ðàññìîòðèì êîíå÷-
íûé A〈Σ∪ ε〉-àâòîìàò A = (n, I,M, P, k). Òîãäà ñóùåñòâóåò êîíå÷íûé
A〈Σ ∪ ε〉-àâòîìàò A′ = (n + 1, I ′,M ′, P ′, k) òàêîé, ÷òî ||A′|| = ||A||,
óäîâëåòâîðÿþùèé ñëåäóþùèì óñëîâèÿì:

(i) M ′ ∈ (A〈Σ〉)(n+1)×(n+1);

(ii) I ′j = 0, 1 6 j 6 n, and I ′n+1 = ε;

(iii) P ′ ∈ (A〈ε〉)(n+1)×1.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî A óäîâëåòâîðÿåò óñëîâèÿì
òåîðåìû 5.11. Òîãäà îïðåäåëèì àâòîìàò A′ ÷åðåç I ′ = (0 ε),
M ′ =

(
M 0
IM 0

)
è P ′ =

(
P
IP

)
. Âû÷èñëèì M ′∗ =

(
M∗ 0

IMM∗ 1

)

è, äëÿ M =
(

a b
c d

)
, I = (i1 i2),

IM ′ωk =

(
a b 0
c d 0

i1a + i2c i1b + i2d 0

)ωk

=

=

( (a + bd∗c)ω

d∗c(a + bd∗c)ω

(i1(a + bd∗c) + i2d
∗c)(a + bd∗c)ω

)
=

(
Mωk

IMωk

)
.

Ñëåäîâàòåëüíî, ||A′|| = IMM∗P + IP + IMωk = ||A||.

Â áóëåâîì ïîëóêîëüöå êîíå÷íûå B〈Σ ∪ ε〉-àâòîìàòû â òåîðåìå 5.12
åñòü íå ÷òî èíîå, êàê êîíå÷íûå àâòîìàòû, ââåäåííûå Buechi [6].

Â ñëó÷àå ïîëóêîëüöà N∞ ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.



Òåîðåìà 5.13. Ïîñòðîåíèÿ òåîðåì 5.11 è 5.12 äëÿ w ∈ Σ∗ (ñî-
îòâåòñòâåííî äëÿ w ∈ Σω) íå èçìåíÿþò ÷èñëî êîíå÷íûõ ïóòåé â
äèãðàôàõ êîíå÷íûõ àâòîìàòîâ ñ ìåòêîé w èç íà÷àëüíîãî â êîíå÷íîå
ñîñòîÿíèå (ñîîòâåòñòâåííî ÷èñëî áåñêîíå÷íûõ ïóòåé ñ ìåòêîé w, íà-
÷èíàþùèõñÿ â íà÷àëüíîì ñîñòîÿíèè è ïðîõîäÿùèõ áåñêîíå÷íîå ÷èñëî
ðàç ÷åðåç ïîâòîðÿþùèåñÿ ñîñòîÿíèÿ).

Ïóñòü äàíà ïðàâîëèíåéíàÿ ãðàììàòèêà Gi = ({z1, . . . , zn},Σ, R, zi),
1 6 i 6 n, îïðåäåëåííàÿ êàê è ðàíåå, è k ∈ {0, . . . , n}, L(Gi)k ïî îïðå-
äåëåíèþ åñòü âçâåøåííûé ÿçûê

L(Gi)k = {((M∗P )i, w)w | w ∈ Σ∗} ∪ {((Mωk)i, w)w | w ∈ Σω} .

Ñëåäóþùàÿ òåîðåìà 5.14 ïîêàçûâàåò, ÷òî òàêèå âçâåøåííûå ÿçûêè ìî-
ãóò ïîðîæäàòüñÿ ïðàâîëèíåéíûìè ãðàììàòèêàìè ñ âåñàìè â ïîëóêîëüöå
A, êîòîðûå èìåþò òîëüêî äâà òèïà ïðîäóêöèé zi → axzj è zi → aε, ãäå
a ∈ A è x ∈ Σ. Ñëåäîâàòåëüíî, â òàêèõ ïðàâîëèíåéíûõ ãðàììàòèêàõ íå
ñîäåðæàòñÿ ïðîäóêöèè zi → azj . Ñëåäñòâèå 5.15 ïîêàçûâàåò òîãäà, ÷òî
äâà òèïà ïðîäóêöèé ìîãóò áûòü âûáðàíû êàê zi → axzj è zi → ax, ãäå
a ∈ A è x ∈ Σ. (Êîíå÷íî, ε áîëüøå íå ìîæåò áûòü âûâåäåíî.)

Òåîðåìà 5.14. Ïóñòü (A〈〈Σ∗〉〉, A〈〈Σω〉〉) � ïàðà ïîëóêîëüöî-
ïîëóìîäóëü Êîíâåÿ, ãäå (aε)ω = 0 äëÿ âñåõ a ∈ A. Ðàññìîòðèì
A〈Σ ∪ ε〉-ëèíåéíóþ ñèñòåìó My + P = y, ãäå M ∈ (A〈Σ ∪ ε〉)n×n;

P ∈ (A〈Σ ∪ ε〉)n×1; y =




z1
...

zn


; è ïóñòü i ∈ {1, . . . , n}. Òî-

ãäà ñóùåñòâóåò A〈Σ ∪ ε〉-ëèíåéíàÿ ñèñòåìà M ′y′ + P ′ = y′, ãäå
M ′ ∈ (A〈Σ〉)(n+1)×(n+1); P ′ ∈ (A〈ε〉)(n+1)×1; y′ =

(
y

zn+1

)
, òàêàÿ, ÷òî

(M ′ωk + M ′∗P ′)n+1 = (Mωk + M∗P )i .

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîíå÷íûé A〈Σ ∪ ε〉-àâòîìàò
Ak

i = (n, ei,M, P, k) ñ ïîâåäåíèåì ||Ak
i || = (M∗P )i + (Mωk)i. Íà÷è-

íàÿ ñ Ak
i âûïîëíèì ïîñòðîåíèÿ òåîðåì 5.11 è 5.12. Ýòî äàåò êîíå÷-

íûé A〈Σ ∪ ε〉-àâòîìàò A′ = (n + 1, en+1,M
′, P ′, k) ñ ïîâåäåíèåì ||A′|| =

= (M ′∗P ′)n+1 + (M ′ωk)n+1 = ||Ak
i ||.

Ñëåäñòâèå 5.15. Ïóñòü (A〈〈Σ∗〉〉, A〈〈Σω〉〉) � ïàðà ïîëóêîëüöî-
ïîëóìîäóëü Êîíâåÿ, ãäå (aε)ω = 0 äëÿ âñåõ a ∈ A, ðàññìîòðèì
A〈Σ ∪ ε〉-ëèíåéíóþ ñèñòåìó My + P = y, ãäå M ∈ (A〈Σ ∪ ε〉)n×n;

P ∈ (A〈Σ ∪ ε〉)n×1; y =




z1
...

zn


, è ïóñòü i ∈ {1, . . . , n}. Òî-

ãäà ñóùåñòâóåò A〈Σ ∪ ε〉-ëèíåéíàÿ ñèñòåìà M ′y′ + P ′ = y′, ãäå
M ′ ∈ (A〈Σ〉)(n+1)×(n+1); P ′ ∈ (A〈Σ〉)(n+1)×1; y′ =

(
y

zn+1

)
òàêàÿ, ÷òî

(M ′ωk + M ′∗P ′)n+1 = (Mωk + MM∗P )i .



Äîêàçàòåëüñòâî. Ïóñòü M ′y′ + P ′′ = y′ åñòü A〈Σ ∪ ε〉-ëèíåéíàÿ ñè-
ñòåìà, ïîñòðîåííàÿ ñîãëàñíî òåîðåìå 5.14 èç My + P = y. Ðàññìîò-
ðèì A〈Σ ∪ ε〉-ëèíåéíóþ ñèñòåìó M ′y′ + P ′ = y′, ãäå P ′ = M ′P ′′. Òîãäà
(M ′ωk + M ′∗P ′)n+1 = (M ′ωk + M ′∗M ′P ′′)n+1 = (Mωk + MM∗P )i.

Åñëè ìû ðàññìîòðèì N∞〈Σ∪ ε〉-ëèíåéíóþ ñèñòåìó, òî ïîëó÷èì ñëå-
äóþùèé ðåçóëüòàò î âûâîäàõ îòíîñèòåëüíî ïðàâîëèíåéíîé ãðàììàòèêè
Gi, îïðåäåëåííîé âûøå.

Òåîðåìà 5.16. Ïîñòðîåíèÿ òåîðåìû 5.14 è ñëåäñòâèÿ 5.15 äëÿ
w ∈ Σ+ (ñîîòâåòñòâåííî äëÿ w ∈ Σω) íå èçìåíÿþò ÷èñëî êîíå÷íûõ
âûâîäîâ ñëîâà w îòíîñèòåëüíî Gi (ñîîòâåòñòâåííî ÷èñëî áåñêîíå÷-
íûõ âûâîäîâ ñëîâà w îòíîñèòåëüíî Gi òàêèõ, ÷òî íå ìåíåå îäíîé èç
ïåðåìåííûõ {z1, . . . , zn} âñòðå÷àåòñÿ â ýòèõ áåñêîíå÷íûõ âûâîäàõ áåñ-
êîíå÷íîå ÷èñëî ðàç).

Ñëåäîâàòåëüíî, ïîñòðîåíèÿ ïåðåâîäÿò îäíîçíà÷íóþ ãðàììàòèêó â
îäíîçíà÷íóþ ãðàììàòèêó.

Èññëåäîâàíèå ÷àñòè÷íî ïîääåðæàíî àêöèåé Àâñòðî-Âåíãåðñêîãî íàó÷íî-
ïåäàãîãè÷åñêîãî ñîòðóäíè÷åñòâà, ïðîåêò 68 �OU2.
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